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Abstract 

Using on-shell gauge invariant formulation of relativistic dynamics we study interaction ver- 
tices for a massive spin 5/2 Dirac field propagating in (A)dS space of dimension greater than or 
equal to four. Gravitational interaction vertex for the massive spin 5/2 field and all cubic vertices 
for the massive spin 5/2 field and massless spin 2 field with two and three derivatives are obtained. 
In dimension greater that four, we demonstrate that the gravitational vertex of the massive spin 5/2 
field involves, in addition to the standard minimal gravitational vertex, contributions with two and 
three derivatives. We find that for the massive spin 5/2 and massless spin 2 fields one can build two 
higher-derivative vertices with two and three derivatives. Limits of massless and partial massless 
spin 5/2 fields in (A)dS space and limits of massive and massless spin 5/2 fields in flat space are 
discussed. 
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1 Introduction and Summary 



1.1 Motivation for theory of interacting massive higher-spin fields in (A)dS 

Higher-spin field theories [[HIU formulated in anti-de Sitter space-time have attracted considerable 
interest for a long period of time. Conjectured duality (31 of conformal J\f = 4 SYM theory and 
superstring theory in AdS 5 x S 5 background has triggered intensive study of higher-spin field dy- 
namics in AdS space. Modern higher-spin fields research can be divided in two themes at least. 
One of the themes deals with massless higher-spin fields in AdS (for recent review, see JU,[5J), 
while another one deals with massive higher-spin fields in AdS. It is obvious that studying the mas- 
sive higher- spin fields in AdS should have certain interesting and valuable applications in string 
theory because one expects that space of states of the short superstring in AdS space is formed 
by massless low spin fields and massive higher-spin fields (see e.g. 0). One of the interesting 
problems of the massive higher-spin fields in AdS is introduction of the gravitational interaction. 
In contrast to completeness of description of the gravitational interaction for massless higher-spin 
fields in AdS , not much is yet known on the gravitational interaction of the massive higher- 
spin fields in AdS. In this paper, we make first step in this direction by studying the gravitational 
interaction for simplest case of massive higher-spin field which is spin 5/2 field. Also, we study 
higher-derivative cubic interaction vertices for the massive spin 5/2 field and massless spin 2 field 
with two and three derivatives and obtain complete list of such vertices. 

To summarize, theories of interacting massive higher-spin fields in AdS background can be 
interesting for two reasons at least. The first reason is their possible applications in the theory of 
superstring in AdS$ x S 5 Ramond-Ramond background. The second reason is that the massless 
limit of these theories might have interesting relations to the massless higher- spin field theories of 
Ref.[2] which, in turn, according to conjecture in Ref . [JTl [8]] , have certain dual description in terms 
of free large N conformal J\f = 4 SYM theory^. 

Before we proceed to the main theme of this paper, let us mention briefly the gauge invariant 
approaches which could be used to discuss interaction vertices of the spin 5/2 field. Since the works 
lfn. lfi~Tl[i~2l devoted to massless fields in AdS space various descriptions of massive and massless 
arbitrary spin fields in (A)dS were developed. In particular, an ambient space formulation was 
discussed in lfl~3l - |[T5l and various BRST formulations were studied in lfi~6*l - |fi~9l . The frame-like 
formulations of free fields which seems to be the most suitable for formulation of the theory of 
interacting fields in (A)dS was developed in 11201 l2~il . Other interesting formulations of higher- 
spin field theories were also discussed recently in 112211 - 11241 . In this paper we adopt the approach 
of Refs. 112511261 which turns out to be the most useful for our purposes. 

1.2 Gravitational interaction vertex and higher-derivative vertices 

The gravitational interaction of low spin fields, s = 0, 1/2, 1, 3/2, is obtained by standard proce- 
dure via covariantization of their free actions^. By now it is well known [|29l [301 that the 'naive' 
gravitational interaction of higher-spin fields, s > 2, introduced by using procedure of the covari- 
antization of their free actions in flat space, turns out to be inconsistent. The reason is that, in 
curved background, the gauge variation of the higher- spin field action contains the Weyl tensor 

1 Interesting recent discussion of the tensionless limit of strings in flat and AdS spaces may be found in ll9l [l0l . 

2 Recent discussion of cubic vertices for massive and massless spin 2 fields in the framework of gauge invariant 
approach may be found in ll27l . Complete classification of cubic vertices for all massless and massive arbitrary spin 
symmetric fields in flat space was obtained in the framework of light-cone approach in 1281 . 
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which cannot be compensated by variation of the graviton metric tensor. It turns out OTI that in 
order to get consistent gravitational interaction of higher- spin fields it is necessary to add suitable 
higher-derivative contributions to the minimal gravitational interaction. 

Throughout this paper we refer to Lagrangian obtained by using procedure of the covarianti- 
zation of the free field Lagrangian in flat space and taken at cubic order in fields as minimal 
gravitational vertex. In this paper we deal with cubic vertices that involve two fermionic fields 
and one massless spin 2 field. As we have said, the minimal gravitational vertex of higher-spin 
field, s > 2, breaks higher-spin gauge symmetries and therefore is not consistent. The minimal 
gravitational vertex supplemented by higher-derivative contributions required for the consistency 
of the higher-spin gauge symmetries is referred to as gravitational vertex in this paper. In gen- 
eral, besides the gravitational vertex, there are vertices, to cubic order in fields, that i) involve 
higher derivatives; ii) do not involve the minimal gravitational vertex; iii) respect the linearized 
higher-spin gauge symmetries. We refer to such vertices as higher-derivative vertices. 

In this paper, we build the gravitational vertex for the massive Dirac spin 5/2 field and higher- 
derivative vertices for the massive Dirac spin 5/2 field and the massless spin 2 field propagating in 
(A)dSd space. These vertices constructed out two massive spin 5/2 fields, one massless spin 2 field, 
and covariant derivatives acting on the fields. In general, a cubic vertex involves contributions with 
different powers of derivatives. Therefore, to classify cubic vertices we need two labels at least. 
We use labels k m i n and k max which are the respective minimal and maximal numbers of derivatives 
appearing in the cubic vertex. In general, k min and k max depend on a dimension of space-time. 

In this paper we deal with vertices subject to the following conditions: i) vertices should be 
parity invariant; ii) vertices should have k max < 3; iii) two-derivative and three-derivative vertices 
should depend on the massless spin 2 field through the linearized Weyl tensor of the massless spin 
2 field; iv) vertices should be nontrivial on-shell. We begin with discussion of our results for 
vertices in dimension greater than four. 

In dimensions d > 4, we find that: 

a) Gravitational vertex for the massive spin 5/2 Dirac field in (A)dSd (or flat space) involves, in 
addition to the standard minimal gravitational vertex, contributions with two and three derivatives, 
i.e., the gravitational vertex has k min = 1, k max = 3. The gravitational vertex for the massive spin 
5/2 field in (A)dSd has smooth flat space limit. 

b) For massive spin 5/2 Dirac field and massless spin 2 field in (A)dSd (or flat space), one can build 
two higher-derivative vertices with two and three derivatives. Both these vertices have k min = 2, 

kmax 3. 

c) Gravitational vertices for the massless and partial massless spin 5/2 Dirac fields in (A)dSd 
involve, in addition to the minimal gravitational vertices, contributions with two and three deriva- 
tives^, i.e., for these gravitational vertices we obtain k min = 1, k max = 3. 

d) For massless spin 5/2 Dirac field and the massless spin 2 field in (A)dSd, there are no higher- 
derivative vertices with two and three derivatives. 

e) For partial massless spin 5/2 Dirac field and the massless spin 2 field in (A)dSd, one can build 
one higher-derivative vertex subject to the condition k max < 3. The vertex has k min = 2, k max = 3. 

f) For massless spin 5/2 Dirac field and the massless spin 2 field in flat space, one can build one 
higher-derivative vertex subject to the condition k max < 3. The vertex has k m i n = k max = 3. 

3 We refer to vertex that does not involve one antisymmetric Levy-Civita symbol and the matrix -f d+1 = 
7° . . . 7 <J ~ 1 as parity invariant vertex. 

4 Interesting discussion of the gravitational vertex of massless spin 5/2 field in AdS may be found in [32 1. 
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Table I. Gravitational and higher-derivative parity invariant vertices! for Dirac spin 5/2 field 
in (A)dS and flat spaces of dimension d > 4. k min and k max denote the respective minimal 
and maximal numbers of derivatives in the vertices. In the Table, we present the higher- 
derivative vertices that depend on the massless spin 2 field through the linearized Weyl 
tensor of the massless spin 2 field and satisfy the condition k max < 3 . 



Type of 
spin 5/2 
Dirac field 


Geometry 
and dimension 
of space-time 


{J^mim k m ax) 

for gravitational 
vertex 


Number of 
higher-deriv. 
vertices 


{kmin j k max ) for 

higher-derivative 
vertices 


massive 


(A)dS, d > 4 


(1,3) 


2 


(2,3) 
for both vertices 


massive 


(A)dS, d = 4 


(1,2) 


1 


(2,3) 












massless 


(A)dS, d = 4 


(1,2) 






partial 
massless 


(A)dS, d > 4 


(1,3) 


1 


(2,3) 


partial 
massless 


(A)dS, d = 4 


(1,2) 






massive 


Flat, d > 4 


(1,3) 


2 


(2,3) 
for both vertices 


massive 


Flat, d = 4 


(1,2) 


1 


(2,3) 


massless 


Flat, d > 4 




1 


(3,3) 


massless 


Flat, d = 4 




1 


(2,2) 



In dimension d — 4, we find that: 

a) Gravitational vertices for massive, massless, and partial massless spin 5/2 Dirac fields in (A)dS 4: 
involve, in addition to the minimal gravitational vertices, higher-derivative contributions only with 
two derivatives, i.e., when d — 4, we obtain k min = 1, k max = 2 for the gravitational vertices^]. 
The gravitational vertex for the massive spin 5/2 field in {A)dS i has smooth fiat space limit. 

b) For massive spin 5/2 Dirac field and the massless spin 2 field in (A)dS± (or fiat space), one can 
build only one higher-derivative vertex with two and three derivatives, i.e., the vertex has k min = 2, 

kmax 3. 

c) For massless spin 5/2 Dirac field and the massless spin 2 field in (A)dS±, there are no higher- 
derivative vertices with two and three derivatives, i.e., there are no higher-derivative vertices sub- 
ject to the condition 2 < k min < k max < 3. 

5 In Table I, the no-go theorem for gravitational interaction of massless spin 5/2 field in flat space was obtained in 
Refs. 1 29 30] . Gravitational vertex for the massive spin 5/2 field in flat Ad was found in [33]. 

6 For the case of massive spin 5/2 field in^af space, the same result was obtained in [33] (see also ll34l ). Discussion 
of the gravitational interaction for massive spin 7/2 field in flat space in the framework of string theory may be found in 
[ 35 1 (see also [36|-|38| for studying string theory interaction vertices for various fields). Arbitrary integer spin fields 
in homogeneous electromagnetic field and in symmetrical Einstein space were studied in [39|,[40| (see also [41 1-[43| 
for related studies). 
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d) For partial massless spin 5/2 Dirac field and the massless spin 2 field in (A)dS4, there are no 
higher-derivative vertices with two and three derivatives, i.e., there are no higher-derivative vertices 
subject to the condition 2 < k min < k max < 3. 

e) For massless spin 5/2 Dirac field and the massless spin 2 field in flat space, there is only one 
higher-derivative vertex subject to the condition k max < 3. The vertex has k min = k max = 2. 

The vertices above listed are discussed in Sections [2]-[5] and summarized in Table I. As byprod- 
uct, in Section [6l we find some higher-derivative vertices describing interactions of spin 5/2 field 
with low spin, 3/2 and 1/2, fields and the massless spin 2 field. The latter vertices are summarized 
in Table II. 

Table II. Higher-derivative parity invariant vertices for Dirac spin 5/2, 3/2, 1/2 fields and 
massless spin 2 field in (A)dS and flat spaces of dimension d > 4. Subscripts 0, m, and 
pm denote the respective massless, massive and partial massless fields. In this Table, 
vertices take k m ; n = k max . 



Spin values 
of fields 
in cubic vertex 


Geometry 
and dimension 
of space-time 


Number of 
higher-deriv. 
vertices 


number 
of derivatives 
in vertices 


(Do ~ (Do ~ 2 ° 


flat, d > 4 
flat, d = 4 


2 


3 (for both vertices) 


(Do ~ (Do ~ 2 ° 


flat, d > 4 


2 


3 (for both vertices) 


(D -(h) -2o 


(A)dS, d > 4 


2 


3 (for both vertices) 



We now present our result for the cubic interaction vertices. We discuss the interaction vertices 
in the framework of on-shell gauge invariant approach. In on-shell gauge invariant approach, 
the massive spin 5/2 Dirac field is described by Dirac complex-valued tensor-spinor fields ip ABa , 
ip Aa ip 1 ^. The fields ip ABa , ip Aa , ip a transform in the respective spin 5/2, 3/2, 1/2 non-chiral 
representations of the so(d— 1, 1) Lorentz algebra and satisfy appropriate differential and algebraic 
constraints (for details, see Section [7]). In what follows, we often suppress the spinor index a. 
We shall refer to the field i\) AB as generic field, while the fields ij) A and ip will be referred to as 
Stueckelberg fields. We use oscillators a A , ( to collect the fields in a ket- vector defined by 

\^) = (a A a B ij AB + C,OL A ip A + C 2 ^) |0> • (1.1) 

To cubic order in fields (two massive spin 5/2 fields and one massless spin 2 field), Lagrangian 
involving one, two, and three derivatives can be written as 

£int _ £^ _|_ £^ _|_ £^ ^ (1.2) 

where C w stands for the minimal gravitational vertex, while £ (2) and £ {3) stand for the respective 
vertices with two and three derivatives. All these vertices can be represented as^| 

ie- 1 £ (a ) = (^|M {a) |^), a = 1,2, 3, (1.3) 

1 A, B = 0, 1, . . . ,d — 1 are flat vector indices of the so(d— 1,1) algebra. Fields with flat indices ip AB are defined 
in terms of base manifold tensor fields ip tJlL ' as ijj AB = e A e B ip )J '' y , where e A is the vielbein of (A)dS background. 
8 The bra-vector is defined according the rule (ip\ = (|V , ))^T°- W e use e = det e A . 
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where operators M (a) are constructed out the on-shell (A)dS massless spin 2 field, denoted by 
h AB , covariant derivatives, the oscillators a A , a A , £, (, and the Dirac 7-matrices. We refer to 
these operators as vertex operators. The vertex operator M (1) describes the minimal gravitational 
interaction of the massive spin 5/2 field and it can be obtained by using the standard procedure of 
covariantization of the massive spin 5/2 field free action in flat space and expanding over (A)dS 
background^, 

M (1) = -±h AB y A D B + w^Va B a C , (1-4) 

where D A is covariant derivative acting on the ket-vector \tp) (see (17.131 )) and w ABC = —w ACB is 
the linearized Lorentz connection constructed out the on-shell massless spin 2 field, 

w ABC = l -{-V B h AC + V c h AB ) . (1.5) 

In (|1.5I) and below, V A stands for the covariant derivative acting on fields with flat indices (see 
Appendix A). The vertex operators M {2) and M {3) involving the respective two and three derivatives 
can be expanded in terms of base vertex operators 

3 

M (2) = ^M 2 , a + Mg, (1.6) 

a=l 

5 5 

M (3) = ^M 3 , a + ^M 3 m a , (1.7) 

a=l a=3 

where the respective two-derivative and three-derivative base vertex operators M 2 a , M 2 ™ and M 3 a , 
take the fornS 

M 2A = m 2 , 1 C ABCE 1 AB a c a E , (1.8) 
M 2 , 2 = m 2 , 2 C ABCE a A a E a B a c , (1.9) 
M 2>3 = m 2 , 3 ^ c V {a B a c a E ( - (a E a B a c ) , (1.10) 

M 3 ,i =m 3A C A{BC ^ E 1 A a B a c D E , (1.11) 

M 3 , 2 = ^m 3 , 2 P F C ABC V(a B « c a £ a F - a E a F a B a c ) , (1.12) 

M 3 3 = c abce 7 ab (m z>3 a c C + Ca c m 3j3 ) D E , (1.13) 

.1/:,, = m 3A C ABCE (a B a c a A ( - (a A a B a c ) D E , (1.14) 

M 3 , 5 = m^C^V {a B a c C, 2 + ( 2 a B a c ) D E , (1.15) 

M% = m™C ABCE 7 A {a B a c a E ( + (a E a B a c ) , (1.16) 
= C ABCE -f AB {m 3 m 3 a c ( - (a c m 3 m 3 ) D E , (1.17) 



9 Because the ket-vector is assumed to be 7-traceless, we drop r y A a A , and j A a A terms in Mny AlAi . 
10 Throughout this paper symmetrization of indices (AB) is normalized as (AB) — ^(AB + BA). 
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= m™C ABCE (a B a c a A ( + (a A a B a c ) D E , (1.18) 
Mg = m^C^ BC V {a B a c ( 2 - ( 2 a B a c ) D E . (1.19) 

Here and below, C ABCE stands for the linearized Weyl tensor constructed out the on-shell massless 
spin 2 field h AB and two derivatives. Quantities m a b , rn^l are independent of the oscillators a A , 
a A and the 7-matrices. Some of these quantities depend on the operator = ((. This, 

m 2 ,2, m 2 ,3, m 3>2 , m 3 ,4, m 3i5 , rn'^.m^, do not depend on iV c , (1.20) 

while the remaining ra m^™ take the form 

mj.1 = m2,i(0)(l - iV f ) + m 2il (l)AT c , (1.21) 

m 3 ,i = m 3) i(0)(l - AT C ) + m 3 ,i(l)iV c , (1.22) 

m 3 , 3 = m 3 , 3 (0)(l - iV c ) + m 3 , 3 (l)iV c , (1.23) 

mts = mZ(0)(l - N C ) + m 3 m 3 (l)iV c . (1.24) 

Expansions (|1.21l) - (ll.24l) are defined so that the coefficients m a b(0) and m a b (l) turn out to the 
respective values of m a b for = and — 1. We note that 

^a,b, ^a,b(0), m 0i b(l) are real valued numbers ; (1-25) 
m a™5 m a™(0)5 m a*6(l) are P ure imaginary numbers. (1-26) 

The gravitational vertex of the massive spin 5/2 field is described by the operator M {1) sup- 
plemented by the operators M 2>a , M 3 a with appropriate choice of m a> b- Higher-derivative vertices 
with two and three derivatives are described by the respective operators M 2>a , M 2 ™ and M 3 a , 
Mj^pl Note that the operators M 2 ™, M 3 ™ do not contribute to the gravitational vertex. 

Making use of simplified notation for the generic field ip AB and Stueckelberg fields ip A , if), 
CCD, 

and dropping 7-matrices and tensor indices, the vertices can schematically be represented as 

£ (1) ~ V>2(/i£> + w)^ 2 + + w)V»i + ipohDipo , (1.28) 

£ (2) ~ m 2 ,i (0)^2^2 + m 2 ^ 2 ip 2 Cil) 2 + ^2,1(1)^1^1 + m 2 fii)2Ci)\ + m^faCrfi , (1-29) 

As) ~ m 3A (0)4> 2 CD4> 2 + m 3)2 tfj 2 VCij 2 

+ m 3 ,i(l)^iC^i + 7713,3(0)^2^^! + ms^CD^ 

+ m 3i3 (l)^iCD^ + m 3j5 tp 2 C Dip 

+ m^(0)V> 2 C£tyi + m^faCDfa + m 3 m 3 (l)V>iC L>Vo + m^ 2 CD^ , (1.30) 

where C and D stand for the Weyl tensor and the covariant derivative respectively. This, all that is 
required for finding the Lagrangian is to determine the quantities m a ,b and m 1 ^. 



11 As an side of remark, we note that vertices related to the operators M^%, M™ a vanish when the Dirac spin 5/2 
field \ip) is restricted to the Majorana spin 5/2 field. 
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Our approach allows us to study vertices for fields in (A)dSd and flat spaces on equal footing. 
In (A)dSd space, there are two limits for the massive spin 5/2 field: the limit of massless field and 
the limit of partial massless fiel<£l- To discuss these limits, we introduce quantities /i(0), /i(l) 
defined b>0 



/i(0) 



d + 1 / 2 d 2 

d 



1/2 



d-2 



2 {d-2f 
m + T-^P 



1/2 



(1.31) 



(1.32) 



where m is a mass of the spin 5/2 field, while p is expressible in terms of a radius of (A)dSd space 
R as 

{— for AdS space, 
for flat space, (1.33) 
+jp for dS space. 

Depending on the values of mass parameter m and the parameter p, there are the following 
possibilitieo 



Spin 5/2 field in (A)dS space, p ^ 0, 

7a(0)^0, /i(l)^0, m^O 

d 



/i(0) = 0, /i(l)^0, m=-V=p, 



/i(0)^0, /i(l) = 0, m 



d-2 



massive field in (A)dS ; ( 1 .34) 

massless field in (A)dS; (1.35) 
partial massless field in (A)dS . (1.36) 



Spin 5/2 field in flat space, p — 0, 

m ^ 0, 
m = , 



massive field in flat space; 
massless field in flat space . 



(1.37) 
(1.38) 



As we have said, the Lagrangian is completely determined by the coefficients m a ^, 



m™ 6 . We 

find these coefficients by requiring the vertices to be gauge invariant. From now on, we discuss 
vertices for the massive, massless and partial massless field in turn. In some contexts, there are 
some differences between vertices in d > 4 and the ones in d = 4. Therefore we separately 
consider the cases d > 4 and d = A. 

The rest of the paper is organized as follows. In Sections [2]-[4l we discuss vertices for the 
massive, massless and partial massless fields in d > 4. Section |5] is devoted to vertices for the 



12 Recent studying the partial massless fields [44] may be found in B31 |46l |47l |26l . 

13 The quantities /i(0), /i(l) arise in the gauge transformation of massive spin 5/2 field [26] (see also Section[7j). 
Their zero values determine notion of masslessness and partial masslessness in (A)dS space (see ( ll.35l ).( fT736l )). 

14 In addition to the possibilities in dl.34Ml.36t . there is some special massive field in (A)dS corresponding to 
/i(0) 7^ 0, /i(l) 7^ 0, m = 0. In AdS space, this special massive field is not related to unitary representations of 
AdS space-time symmetry algebra. Therefore, to keep discussion from becoming unwieldy, here we do not consider 
this special massive field. 
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massive, massless and partial massless fields in d = 4. Results in Sections [2]43] are summarized in 
Table I. In Section|6l we discuss cubic vertices describing interactions of the spin 5/2 field with low 
spin 3/2 and 1/2 fields and the massless spin 2 field. Results in Section[6]are summarized in Table 
II. In Section [7] we discuss the on-shell gauge invariant formulation for the massive spin 5/2 field 
and the massless spin 2 field we use in this paper. In Section [8l we analyze restrictions imposed on 
the gravitational and higher-derivative vertices by on-shell gauge symmetries. In Appendix A, we 
present our notation and conventions. Helpful commutators between various quantities constructed 
out the co variant derivative and the oscillators are collected in Appendix B. In Appendix C, we 
outline on-shell gauge invariant formulation for massive arbitrary spin fermionic field and present 
some details of derivation of on-shell gauge invariant formulation for the massive spin 5/2 field. 
Derivation of gauge variation of the interaction vertices is discussed in Appendix D. In Appendices 
E,F, we discuss bases of the vertex operators for d > 4 and some special relations appearing for 
the interaction vertices when d — 4. 

2 Massive spin 5/2 field, d > 4 

2.1 Gravitational vertex for massive spin 5/2 field in (A)dSd, d > 4 

We begin with discussion of the gravitational vertex for the massive spin 5/2 field in AdSd, (11.341) . 
For this case, solution to the equations^ for m a b , m^™ required by on-shell gauge invariance can 
uniquely be determined by imposing the conditions 7712,2 = 0, 777,3,2 = 0. In this way, we obtain 



m 2 ,i(0) = 0, 


(2.1) 


3m 

777.2 1 1 = ~ , 


(2.2) 


m 2 , 2 = , 


(2.3) 


1 

m 2 3 = — — 1 

' A(o) 


(2.4) 


m 3 ,i(0) = 0, 


(2.5) 


1 

m 3 i(l) = — , 

/i 2 (0) 


(2.6) 


m 3i2 = , 


(2.7) 


m 3)3 (0) = 0, 


(2.8) 


(l-d)m 
77733(1) = ~ ~ — , 

d(d-2)f?(0)hM 


(2.9) 


m 3>4 = , 


(2.10) 


1 

m 3 5 = — — ~ , 

' 2A(o)A(i) 


(2.11) 



m ™ =0, for all a, b. (2.12) 
These equations are given in (f06ll - (f03ll and ( f8724b -( f8730b . 
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Adding the minimal gravitational vertex £ {1) to the sum £ (2) + £ (3) with above-given m a b, m 1 ^ 
gives the gravitational vertex for the massive spin 5/2 field. 
The following remarks are in order. 

i) To restore dependence on the gravitational constant k, we should simply to multiply the r.h.s. of 
relations (fL4l) and (|2T1)- (|2.12I) by the factor 

ii) From (I2.1I) - (I2.12I) . we see that m 2a 7^ 0, m 3 a 7^ for some a. This implies that the gravitational 
vertex involves, in addition to the minimal gravitational vertex, contributions with two and three 
derivatives, i.e., the gravitational vertex has k min = 1, k max = 3. There is no possibility for 
gravitational vertex with k max = 2, when d > 4. 

iii) As will be explained below, there are two higher-derivative vertices having k min = 2 and 
kmax = 3. Due to this, there is two parametric freedom in choosing the gravitational vertex, 
i.e., the restrictions imposed by gauge invariance do not allow us to determine the gravitational 
vertex uniquely. Therefore we need some additional restrictions which allow us to determine the 
vertex uniquely. We impose the following additional restrictions: m 22 = 0, m 32 = (0 These 
additional restrictions amount to requiring that ip 2 Cil) 2 - and i/j 2 C Z)?/> 2 -terms (see (11.291 ), (11.301 )) do 
not contribute to the gravitational vertex. We note that, in analysis of the gravitational vertex taken 
to cubic order in fields, the particular choice of m 2>2 , "^3,2 amounts just to choice of scheme for the 
gravitational vertex. Physical values of m 2j2 , ^3,2 can be determined by study of complete, i.e., to 
all order in fields, theory of massive higher-spin fields. 

iv) In the scheme we chose, the gravitational vertex does not have smooth massless limit, /i(0) — > 
0, and partial massless limit, /i(l) — > 0. It turns out however that l/(/i(0) — > 0) singularities of 
the massless limit and l/(/i(l) — > 0) singularities of the partial massless limit can be canceled, as 
will be demonstrated below, by appropriate choice of scheme, i.e., by adding to the gravitational 
vertex some combination of the two higher-derivative vertices. 



2.2 Higher-derivative vertices for massive spin 5/2 field and massless spin 2 
field in {A)dS d , d>4 

As we have said, when 2 < k min < k max < 3, one can build only two higher-derivative vertices 
for the massive spin 5/2 field and the massless spin 2 field. We consider these vertices in turn. 

(A) First higher-derivative vertex. First solution to the equations for m a ,b, required by 
on-shell gauge invariance can uniquely be determined by imposing the condition m 3 2 = and by 
equating the gravitational constant k to zero. In this way, we obtain 

m 2)1 (0) = i<?, (2.13) 
m 

d - 1 (d - 8 2 d - 4 \ ^ -, 

m2 ' l(1) = ^(^ m + — ")"' <2 ' 14) 

4 

m 2 ,2 = —9, (2.15) 
m 

4(d-2) 

m 2 ,s = ~ g, (2.16) 
df i(0) 



16 We note that the conditions 7712.2 = and 7713 2 = amount to the respective conditions 7712,1 (0) = and 
m 3 ,i(0) = 0. 
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m 3 ,i(0) = 0, (2.17) 

m 3 i(l) = 8( l~ d) g, (2.18) 

dim 

m 3 , 2 = 0, (2.19) 

"*3,s(0) = 1—9, (2.20) 

m/i(0) 

m33 (l) = _ _ — — m 2 + ^^ — Lp)g (2.21) 

m 3 , 4 = i—g, (2.22) 

m/i(0) 

m 35 = 4( i" 3 l <?, (2.23) 

3,5 (d-2)A(o)A(i) y ' 

77i™ =0, for all a, 6, (2.24) 

where we introduce a coupling constant g. Here and below, we normalize all coupling constants 
of higher-derivative vertices to dimension [mass] d ~ i when possible. 

(B) Second higher-derivative vertex. For this case, solution to the equations for m a ^, m" n b 
required by on-shell gauge invariance can uniquely be determined by imposing the condition 
m 2j 2 = 0, and by equating the gravitational constant k to zero. In this way, we obtain 

m 2)1 (0) = 0, (2.25) 

m - (1) = ^(— m+ — <2 ' 26) 

m 2>2 = , (2.27) 
1 ( d+1 2 5d-5 \ , 

m2 ^^W)(-— m+ — p > 3 ' <2 ' 28) 

m 3 ,i(0)=-^ 9 ', (2.29) 

1 f d 2 + d + 2 cP-3d + 6\ , 

m3 ' l(1) = ^W)y^^ m + 4 P > ' (2 - 30) 

"13,2 = -W, (2.31) 

m " (0) ^-2^) S '' ( " 2) 

m33(1 ) = L _ fa + 2)m * + (d-4)(J-M + 4) y J3 

2mrf(rf-2)/?(0)/i(D V 4 "J"' 
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2 



m 3A 



dmh(0) 



9 , 



(2.34) 



m 3 ,B 



m 2 /i(0)/i(l) 



1 




4 — d 
4 




(2.35) 



rn 



mi 

'o,6 







for all a, 6 , 



(2.36) 



where g' stands for a coupling constant. 
The following remarks are in order. 

i) From (I2.13I) - (I2.36I) . we see that m 2ja ^ 0, m 3 a ^ for some a, i.e., both higher-derivative 
vertices involve two and three derivatives. This, both vertices have k min = 2, k max = 3. 

ii) Since both higher-derivative vertices have the same k min and k max we need rule which allows us, 
firstly, to distinguish between these two vertices and, secondly, to determine these vertices uniquely 
in due course of solving the restrictions imposed by gauge invariance. The rule we are using is that 
the two higher-derivative vertices can be distinguished by foCfo- and ^C-D^-terms, where ip2 
is the generic field (see (11.271) ). This, the type (A) vertex is uniquely determined by requiring that 
the ip 2 CD ip 2 -terms do not contribute to the Lagrangian (i.e., by imposing the condition m 3i2 = 0, 
see (11.301 )), while the type (B) vertex is uniquely determined by requiring that the ^CV^-terms 
do not contribute to the Lagrangian (i.e., by imposing the condition m 2 ,2 = 0, see (I1.29I )). 

iii) Both higher-derivative vertices are singular in the limit of massless field, /i(0) — > 0, and the 
limit of partial massless field, /i(l) — > 0. It turns out however that l/(/i(l) — > 0) singularities 
of the partial massless field limit can be canceled in some special combination of the two higher- 
derivative vertices (see Section [3731 below). This gives one higher-derivative vertex for the partial 
massless field in (A)dSd, d > 4. The l/(/i(0) — ► 0) singularities of the massless field limit can 
in no way be canceleco This implies that there are no higher-derivative vertices for the massless 
spin 5/2 field in (A)dSd, when k max < 3 and d > 4. 

2.3 Gravitational and higher-derivative vertices for massive spin 5/2 field in 
flat space, d > 4 

From expressions for vertices given in the previous Sections, we see that the gravitational and 
higher-derivative vertices for the massive spin 5/2 field in (A)dS space allow smooth flat space 
limit. In this limit, realized as R — > 00 (see (11.331 )), we have 



In other words, the gravitational and higher-derivative vertices for the massive spin 5/2 field in 
(A)dS do not have poles at p = 0. Therefore, all that is required to obtain the gravitational and 
higher-^derivative vertices for the massive spin 5/2 field in flat space is to allow the limiting values 
for p, /i(0), /i(l) (|2.37I) - (I2.39I) in the respective expressions for (A)dS vertices. 

17 We can re-scale the coupling constants, g — > ff(0)g, g' — > /f (0)g', to get well defined vertices in the limit of 
massless field. But, in doing so, we obtain non-trivial interaction only for spin 3/2 field and massless spin 2 field. 



(2.37) 




(2.38) 




(2.39) 
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3 Massless and partial massless spin 5/2 fields, d > 4 



3.1 Gravitational vertex for massless spin 5/2 field in (A)dSd, d > 4 

The massless spin 5/2 field is described by generic field ip2 (11.271) with the mass parameter given 
in (11.351) . Solution to the equations^ for m a b , m^, required by on-shell gauge invariance can 
uniquely be determined by imposing the conditions m 3 x(l) = 0, m 3i3 (l) = 0. In this way, we get 

^(°> = 8(d-W 

m 2)1 (l) = 0, (3.2) 

m2 ' 2 = 2(d-l)V=p ' (33) 
m 2i3 = , (3.4) 

m 3il (l) = 0, (3.6) 

m3 ' 2 = 2(^1)^ ' (3 - 7) 

m 3 , 3 (0) = 0, m 3 , 3 (l) = 0, (3.8) 

m 3)4 = , m 3i5 = , (3.9) 

m ™ =0, for all a, 6. (3.10) 

Adding the minimal gravitational vertex £ (1) to the sum £ (2) + £ {3) with above-given m ab , m 1 ^ and 
ignoring contribution of the fields ipi, ip to £ {1) gives the gravitational vertex for the massless spin 
5/2 field. 

The following remarks are in order. 

i) From (13.1| )- (13.10l ), we see that m 2ja 7^ 0, m 3)0 ^ for some a. This implies that the gravitational 
vertex involves, in addition to the minimal gravitational vertex, contributions with two and three 
derivatives, i.e., the gravitational vertex has k min = 1, k max = 3. There is no possibility for 
gravitational vertex with k max = 2 when d > 4. 

ii) From (I3.1I) - (I3.10I) . we see that the gravitational vertex for the massless spin 5/2 field in (A)dSd 
does not have smooth flat space limit, p — > 0, QTTl . Below, we demonstrate that, in d = 4, the 
gravitational vertex does not involve three-derivative contributions, i.e., l/p terms. This implies 
that the flat space limit of the gravitational vertex for (A)dS massless field in d = 4 is less singular 
that the one in d > 4. 

iii) We note that, for the massless spin 5/2 field and the massless spin 2 field in (A)dSd, there are 
no higher-derivative vertices subject to the condition k max < 3. This implies that the gravitational 
vertex for the massless spin 5/2 field in (A)dSd is unique. 

iv) Reason for choice of the scheme with m 3 i(l) = 0, m 3 3 (l) = can easily be understood by 
noting that the free massive spin 5/2 field \ip) taken in the massless limit is decomposed into two 



These equations are obtained from the ones given in ( I8.16I )-( I8.23I ) and ( 18.24l )-( l8~30b by substitution /i(0) = 0. 
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decoupling systems - one massless spin 5/2 field ip 2 and one massive spin 3/2 field described by 
the fields ipi, ip . The coefficients m 3 x(l), m 3 3 (l) describe interactions of the massive spin 3/2 
field and the massless spin 2 field (see (1 1 .30b ") . Therefore we set these coefficients equal to zero 
while solving the equations for the gravitational vertex of the massless spin 5/2 field. 



3.2 Gravitational vertex for partial massless spin 5/2 field in (A)dSd, d > 4 

We note that the partial massless field is described by fields Tp 2 and ipi (11.271) with the mass param- 
eter given in (11.361) . Solution to the equations for m a ^, m 1 ^ required by on-shell gauge invariance 
can uniquely be determined by imposing the conditions m 32 = 0, m 3 3 (l) = 0, m!j™ (1) = 0. In 
this way, we obtain 

^<°> = 4(d-3)^ ' (3 - U) 

d 3 -4d 2 + d + 8 
m2 - l(1) = ~ 4^-3)(^-l )v ^ ' (112) 

m 2)2 = — — — — , (3.13) 



(d-3)V=P 

d 2 -2d-4 /n1AS 

m 23 = = , (3. 14) 

2d(d-3)A(0) 

m 3jl (0) = 0, (3.15) 

m 31 (l) = , (3.16) 

d(d-s)mo) 

m 3j2 = 0, (3.17) 

m 3 3 (0) = 1 , (3.18) 

' 4(d-3)/ 1 (0)V=p' 

m 3i3 (l) = 0, (3.19) 

m, 4 = ~ , (3.20) 



(d-3)/i(0), 

m 3i5 = 0, (3.21) 



L a,b 



0, for all a, b. (3.22) 



Adding the minimal gravitational vertex £ (1) to the sum C {2) + £ (3) with above-given m ab , and 
ignoring contribution of the field to gives the gravitational vertex for the partial massless 
spin 5/2 field. We note that the mass parameter m for partial massless spin 5/2 field given in (11.361) 
implies 

~ /(j 2 _1 N 1/2 

The following remarks are in order. 

i) Since m 2 a ^ 0, m 3 a ^ for some a, we see that the gravitational vertex involves, in addition to 
the minimal gravitational vertex, contributions with two and three derivatives, i.e., the gravitational 
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vertex has k min = 1, k max = 3. When d > 4, it is not possible to build gravitational vertex with 



ii) From (13.1 l| )- (l3.23k we see that, in view of 1/ ^fp and 1/p factors, the gravitational vertex for the 
partial massless field in (A)dS does not have smooth flat space limit, p — ► 0. Below, we demon- 
strate that, when d = 4, the gravitational vertex does not involve three-derivative contributions, 
i.e., 1/p terms contribute to the gravitational vertex of the partial massless field only when d > 4. 

iii) As will be explained below, for the partial massless spin 5/2 field, there is only one higher- 
derivative vertex having k min = 2 and k max = 3. Due to this, there is one parametric freedom in 
choosing the gravitational vertex of the partial massless spin 5/2 field, i.e., the restrictions imposed 
by gauge invariance do not allow to determine the gravitational vertex uniquely. Therefore we 
need some additional restriction which allows us to determine the gravitational vertex uniquely. 
We chose the additional restriction to be m 3 2 = 0, which amounts to requiring that %jj 2 C 'D%jj 2 - 
terms (see (11.301) ) do not contribute to the gravitational vertex. We note that, in analysis of the 
gravitational vertex taken to cubic order in fields, the particular choice of m 3j2 amounts just to 
choice of scheme for the gravitational vertex. Physical values of m 3j2 can be determined by study 
of complete, i.e., to all order in fields, theory of massive higher-spin fields. 

iv) Recall that the scheme we chose is specified not only by the condition m 3j2 = but also by the 
conditions m 3 3 (l) = 0, m^l) = 0. Reason for the latter conditions can easily be understood 
by noting that the free massive spin 5/2 field taken in the partial massless limit is decomposed 
into two decoupling systems - one partial massless spin 5/2 field, which is described by the fields 
ip2, 4>i, and one massive spin 1/2 field ip . The coefficients m 3 3 (l), m%%(i) describe interactions 
of the partial massless spin 5/2 field with the massive spin 1/2 field and the massless spin 2 field 
(see Section [67Tb . Therefore we set these coefficients equal to zero while solving the equations for 
the gravitational vertex of the partial massless spin 5/2 field. 

v) Because some of the coefficients m a ^ are complex- valued, the gravitational vertex also turns out 
to be complex- valued. Appearance of complex- valued Lagrangian for interacting partial massless 
field was expected. This is to say that even the mass part of the free Lagrangian for the partial 
massless field is complex-valued. We note that the key point is not positivity or even reality of 
the mass part of action, but rather stability of the energy and unitarity of the underlying physical 
representations. For bosons a negative mass term is allowed in AdS (the Breitenlohner-Freedman 
bound), while partially massless fermions even have an imaginary mass term in their actions but are 
still stable and unitary in dS. Partially massless fermions are not unitary in AdS (see Refs.[45, 46J). 
Physical applications of partial massless fields are still to be understood. 

3.3 Higher-derivative vertex for partial massless spin 5/2 field and massless 
spin 2 in (A)dSd, d > 4 

For partial massless spin 5/2 field and massless spin 2 field, there is only one higher-derivative 
vertex subject to the condition 2 < k min < k max < 3. The vertex takes k min = 2, k max = 3 and 
we now discuss this vertex. 

Solution to the equations for m a ^, m l ™ b required by on-shell gauge invariance can uniquely be 
determined by imposing the conditions m 3 3 (1) = 0, m 3 n 3 (l) = and by equating the gravitational 
constant k to zero. In this way, we obtain 



rnax 



2. 



m 2)1 (0) 



1 




9- 



(3.24) 
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3d 3 -Id 2 - 2d +12 
m2 ' l(1)= 4<P(rf+l)V=p a25) 

m 2i2 = -L= # , (3.26) 



'-P 

(d 2 + d - 1)1(0) 

ro 3 ,i(O) = -0, (3.28) 
P 

. . d 2 - d + 2 

m »( 1) = l(PTTF 9 ' <3 ' 29) 

7713,2 = -5, (3-30) 
P 

^{0)= J' 1 9, (3-31) 

m 3 , 3 (l) = 0, (3.32) 
2(d-l) 

7713,4 = — t ■ 9 , (3.33) 



d/i(o)V=p 

7773,5 = , (3.34) 

mj^ = 0, for all a, 6, (3.35) 

where /i(0) is given in (|3.23l) . and g stands for a coupling constant of the partial massless spin 5/2 
field to the massless spin 2 field. 

The following remarks are in order. 

i) Since m 2ia ^ 0, m 3ia ^ for some a, we see that the higher-derivative vertex is indeed involves 
contributions with two and three derivatives, i.e., k m i n = 2, k max = 3. 

ii) We note that the vertex under consideration is non-trivial only when d > 4, i.e., the vertex does 
not survive reduction to d = 4. This, using relations (IF.1I) - (IF.3I) from Appendix F, one can make 
sure that two-derivative terms and three-derivative terms (|3.24|) - (|3.35l) cancel when d = 4. 

iii) Reason for choice of the scheme with m 3 3 (l) = 0, m 3 n 3 (l) = is that the free massive 
spin 5/2 field taken in the partial massless limit is decomposed into two decoupling systems 
- one partial massless spin 5/2 field, which is described by the fields ip2, ipi, and one massive 
spin 1/2 field ip . The coefficients 7773,3(1), m 3 n 3 (l) describe higher-derivative interactions of the 
partial massless spin 5/2 field with the massive spin 1/2 field and the massless spin 2 field (see 
Section [67Tb . Therefore we set these coefficients equal to zero while solving the equations for 
higher-derivative vertex of the partial massless spin 5/2 field. 

iv) Some of the coefficients m a ^ are complex- valued and hence the higher-derivative vertex is also 
complex-valued. Since even the mass part of the free Lagrangian for the partial massless field is 
complex-valued, appearance of a complex-valued higher-derivative vertex for the partial massless 
field was expected. Physical applications of the complex-valued vertex are still to be understood. 

v) As we have said in Section [2T2l though the two higher-derivative vertices for the massive spin 
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5/2 field are singular in the partial massless limit, /i(l) — > 0, one can build some special combi- 
nation of those two higher-derivative vertices which has smooth partial massless limit. We now 
demonstrate how this comes about. Using the notation m^ b for m ajb given in (12.13l) - (12.23l) , and 
mf b for m a fe given in (I2.25I) - (I2.35I) we introduce new m a fe by 

m a , b = m^ b + l m ^ b ; (3.36) 

while m 1 ^ remain unchanged. Making use of (I2.13l) - (|2.23l) and (I2.25I) - (I2.35I) one can make sure 
that, firstly, all 1 / (/i(l) — > 0) singularities cancel in (13.361) and, secondly, the coefficients m a ^ 
given (13.361) coincide with m a ^ given in (I3.24l) - (|3.34l) as /i(l) — > 0. 



3.4 Higher-derivative vertex for massless spin 5/2 field in flat space, d > 4 

In double limit, i.e., the flat space limit, p — > 0, and the massless field limit, m — > 0, the free 
massive spin 5/2 field (11.11) is decomposed into three decoupling systems - one massless spin 
5/2 field ip 2 , one massless spin 3/2 field ipi, and one massless spin 1/2 field tp . We find one higher- 
derivative cubic vertex (with k max < 3) that describes interaction like ip2 — i>2 — (massless spin 2 
field). Equating the gravitational constant k to zero we obtain 

m 3 ,i(0)=g, "13,2 = 3, (3-37) 
all remaining m a h and m 1 ^ are equal to zero, (3.38) 

where g stands for a coupling constant. From these expressions, we see that the vertex has k min = 
kmax = 3. We also note that this vertex is non-trivial only when d > 4. 
The following remarks are in order. 

i) As we have learned earlier, in (A)dSd, the massless spin 5/2 field does not have higher-derivative 
vertices subject to the condition k max < 3. This implies that the higher-derivative vertex of the 
massless spin 5/2 field in flat space, (I3.37l) . (|3.38l) . does not have its counterpart in (A)dS d space. 
However, it turns out that the higher-derivative vertex of the massless spin 5/2 field in flat space 
can be related to the gravitational vertex of the massless spin 5/2 field in (AWSlf^l. This, let 
(£(!) + £ (2) + C (3) ) 9Tav ^ A)dSd be the gravitational vertex of the massless spin 5/2 field in (A)dSd, 
where is the minimal gravitational vertex, while £ {2) and £ {3) are the respective two-derivative 
and three-derivative vertices given in (|3TT) - (|3T0l) . Let c^f h ~ der - flat be the higher-derivative vertex 
given in (I3.37l) . (|3.38l) . Then, taking the gravitational vertex with k = l/y2, we obtain the relation 

lim P (£ (1) + £ (2) + C m Y raV ^ dS " = 1 C high- d er.flat ^ ^ 

p^o Zycl — ijg 

This relation implies that certain higher-derivative vertices in flat space can be obtained from grav- 
itational vertices in (A)dSd- 

ii) We note that the higher-derivative vertex for massless field in flat space (|3.37I) . (I3.38I) can be 
related to the higher-derivative vertex for the partial massless field in (A)dSd given in Section [3731 
This, let (£ (2) + C {3) )^ a 9 ^ t ^g} A ^ dSd be the higher-derivative vertex for the partial massless spin 5/2 
field in (A)dSd, where £ (2) and £ {3) are the respective two-derivative and three-derivative vertices 
given in (l3T24l) - (T335T) . Let c^h-der.fiat be the higher . derivative vertex given in ([337T) . (l338]) . 



We thank M. A. Vasiliev for pointing out this. 
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Then, ignoring contributions of the fields ipi and ipo to the higher-derivative vertex of the partial 
massless field, we obtain the relation 



Hm n( r _l_ r \high-der,(A)dS d _ r high-der.flat C\ A(X\ 

p^ITo (2) (3) hart. mass; fi =ip =0 ~ *"(3) • (J.H-Wj 

4 Uniform gravitational vertex for massive, massless and par- 
tial massless spin 5/2 fields in (A)dSd, d > 4 

Gravitational vertex for the massive spin 5/2 field given in d2.lb - fl2.12b does not have smooth 
massless and partial massless limits. However by adding to this vertex the suitable combination of 
the higher-derivative vertices given in d2.13b - d2.24b . A2.25b - d2.36b we can obtain new gravitational 
vertex that has smooth massless and partial massless limits. We now demonstrate this. 

Using the notation m g a r b av for m a ^ given in A2.lb - fl2.llb . m^ b for m a ^ given in A2.13b - fl2.23b . 
and mf b for m ab given in (|2.25b - (|2.35b . we introduce new m ayh by 



m a ,b = m^b + u { 

where 



m a,b = m 9 ™ + u \-™ib ~ y m a,b i4A) 



m 2 



U ~ 12m 2 - d(d - 4)p ' (4 ' 2) 



and m" 1 ^ remain unchanged. New m a b (14.1b take the form 



m 2)1 (0) = -, (4.3) 
m 

(d + 2)uj 

^--mr- (4 - 4) 

m 2>2 = — , (4.5) 
m 

6/i(oy fA „ 

m 2 , 3 = n — ' ( 4 - 6) 

nr 

2d 

m 3 ,i(0) = ^u, (4.7) 

m^ 

mv{l) = ^L^L, (4.8) 
rrr 

2dw 

m 3 , 2 = T , (4.9) 

m 3 , 3 (0) = 0, m 3 , 3 (l) = 0, (4.10) 

m 3i4 = 0, m 3i5 = 0, (4.11) 

m™ =0, for all a,b. (4.12) 

Taking into account values of the mass parameter m for the massless and partial massless fields, 
fll.35b . fll.36b . we see that the new gravitational vertex has smooth massless and partial massless 
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limits. We note that choice of gravitational vertex having smooth massless and partial limit is not 
unique. One can expect that gravitational vertices for massive fields that have smooth massless 
limit may be of interest in the context of the tensionless limit of superstring theory. 



5 Massive, massless and partial massless spin 5/2 fields, d = 4 
5.1 Gravitational vertex for massive spin 5/2 field in {A)dS A 

We now discuss the gravitational vertex for the massive Dirac spin 5/2 field in d = 4. We note that 
all vertices obtained above for d > 4 are valid for d = 4 too. But, when d — 4, vertex operators 
(|1.8I) - (|1.19I) do not constitute basis of independent vertex operators. This, when d — 4, the three- 
derivative vertex operators M 3 i, M 3 2 , M 3 4 , Mg™ can be expressed in terms of the remaining three- 
derivative and two-derivative vertex operators (for details, see Appendix F ). We still use vertex 
operators (ll.8b - fll.19b for presentation of our results. In d = 4, the higher-derivative contributions, 
(12.lb - fl2.12b , to the gravitational vertex take the forrr@ 

m 2 ,i(0) = 0, (5.1) 

"* im = ^y <5 ' 2) 

m 2 , 2 = 0, (5.3) 

m 3 ,i(0) = 0, (5.5) 

m 3 ,i(l) = 0, (5.6) 

m 3 , 2 = , (5.7) 

7713,3(0) = 0, (5.8) 

/ s 3m 

77133(1) = = = , (5.9) 

8/?(0)/!(l) 

m 3i4 = 0, (5.10) 

m 3 , 5 = ~ 1 ~ , (5.11) 
2/i(0)/i(l) 

=0, for all a, b. (5.12) 

Since some m 3 a 7^ 0, the gravitational vertex still involves three-derivative contributions. But, in 
contrast to the gravitational vertex for d > 4, these contributions can be canceled by adding higher- 



20 In formulas for the gravitational vertex given in Section [2TT1 we plug the representation for M$ t i, M3.2, Mz t ± 
in terms of the remaining three-derivative and two-derivative vertex operators and express the gravitational vertex 
entirely in terms of those vertices that form basis of Ad vertices. The fact that the vertex operators M^ t x, M3 2, M3 4 
do not enter into basis of Ad vertex operators manifests itself in zero values of 1713,1, ™3,2, "i3,4 for Ad gravitational 
vertex. For discussion of base vertex operators in d = 4, see Appendix F. 
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derivative vertex to the gravitational vertex. Before doing so, let us consider higher-derivative 
vertex for the massive spin 5/2 field in d = 4. 



5.2 Higher-derivative vertex for massive spin 5/2 field and massless spin 2 
field in {A)dS A 

Higher-derivative vertices for the massive spin 5/2 field in (A)dS4 can be obtained by allowing 
d = 4 in the two higher-derivative vertices (see (|2.13l )- (|2.24| ) and (|2.25l )- (|2.36l )) obtained for d > 
4. It turns out that the latter two vertices become identical in d — 4. In other words, when 
2 < k min < k max < 3 and d — 4, there is only one higher-derivative vertex. We obtain this vertex 
by allowing d = 4 in (|2.13l) - (12.24l) (vertex given in (|2.25l) - (|2.36l) takes the same form by module 
of overall normalization factor). 

When d = 4, vertex given in (|2.13I) - (I2.24I) takes the form 

m 2A (0) = -g, (5.13) 
m 

iTYl 

m 2i(X) = -~ 9, (5.14) 

ff(0) 

4 

m 2 ,2 = —g, (5.15) 
m 

4 

m 2 3 = — 9, (5.16) 

' A (of' 

m 3 ,i(0) = 0, (5.17) 

m 3 ,i(l) = 0, (5.18) 

m 3 , 2 = 0, (5.19) 

m 3 , 3 (0) = 0, (5.20) 
/ x 3m 

7713,3(1) = -= 9 , (5-21) 

2A 2 (o)/i(i) y 

m 3 , 4 = , (5.22) 

m 35 = — — — g. (5.23) 

/i(0)/i(l) 

m ™ = , for all a, b. (5.24) 

Since m 2;a 7^ 0, m 3 j0 7^ for some a, the vertex involves contributions with two and three 
derivatives. 

The higher-derivative vertex under consideration is singular in the limit of massless field, 
/i(0) — > 0, and the limit of partial massless field, /i(l) — > 0. This implies that there are no 
higher-derivative vertices^, for both the massless spin 5/2 field and the partial massless spin 5/2 
field in (A)dS A when k max < 3. 



21 In ( 15. 13b -( f5724b . we can formally re-scale the coupling constant, g — > ff(0)g, to get well defined vertex in 
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5.3 Uniform gravitational vertex for massive, massless and partial massless 
field in {A)dS A 

Comparing two-derivative and three-derivative terms (I5.1I) - (I5.12I) of the gravitational vertex with 
the higher-derivative vertex in (|5.13l) - (15.24l) . we see that all three-derivative terms of the gravita- 
tional vertex can be canceled by adding the higher-derivative vertex (with appropriate choice of 
the overall normalization factor) to the gravitational vertex. We now demonstrate this. Using the 
notation m 9 a ™ v for m ajb given in (I5.1I) - (I5.1 II) . and m a ^ -tfer for m a ^ given in (|5.13I) - (I5.23I) . we 
introduce new m a> b by 

m a , b = m y ab , (5.25) 

while m™ b remain unchanged. The new m a ^ take the form 

m 2 ,i(0) = ^— , m 2 , 2 = — , (5.26) 
4m m 

all remaining m a ^ and m^l are equal to zero. (5.27) 

We see that all three-derivative terms governed by m 3 a cancel, i.e., £ {3) = 0. This implies that the 
gravitational vertex involves, in addition to the minimal vertex, only two-derivative contributions 
governed by £ {2) with above-given m 2 a . 

A few remarks are in order, 
i) The vertex (15 .261) . (|5 .271) has smooth limits to the massless and partial massless fields in (A)dS A . 
Taking these limits, we obtain the respective gravitational vertices for the massless and partial 
massless fields in (AjdS^. This, to obtain the gravitational vertices for the massless and partial 
massless fields we should simply plug the respective limiting values of mass parameter, m = 
2 v / = p and m = \f—p, in (I5.26l) . (|5.27ll 22 l. In other words, the vertex (I5.26I) . (I5.27I) provides uniform 



description of gravitational interaction of the massive, massless, and partial massless spin 5/2 fields 
in (A)dS 4 . 

ii) The vertex (|5.26I ), (I5.27|) taken for massive field, m/0, has smooth flat space limit, p — > 0. In 
this limit, we obtain the gravitational vertex for the massive spin 5/2 field in Ad flat space 11331 . In 
other words, in contrast to the massless and partial massless fields, the gravitational interaction of 
the massive spin 5/2 field in (A)dS space has smooth limit to the gravitational interaction of the 
massive spin 5/2 field in flat space. 

iii) To restore dependence on the gravitational constant k, we should simply multiply the r.h.s. of 
relations (l5T26ld?T27l) by V2k. 

5.4 Higher-derivative vertex for massless spin 5/2 field and massless spin 2 
in flat space, d = 4 

As we have said, in double limit, i.e., the flat space limit, p — > 0, and the massless field limit, 
m — > 0, the free massive spin 5/2 field |^>) (11.11) is decomposed into three decoupling systems 



the limit of massless field. In doing so, we obtain non-trivial values only for 7712,1(1), 7713,3(1) in the massless limit 
/i(0) — > 0. But such vertex describes interaction of spin 3/2 field with the massless spin 2 field. Re-scaling g — » 
/i(l)(? and taking limit /i(l) — * leads to vertex describing interaction of the partial massless spin 5/2 field with 
massive spin 1/2 field and the massless spin 2 field in {A)dS±. This vertex is discussed in Section loTI 

22 Obviously, for the case of massless field, we should drop contributions of the fields tpi, ip to the minimal 
gravitational vertex C (1) , while for the case of partial massless field, we should drop contributions of the field ipo to 

£(!)• 
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- one massless spin 5/2 field ip2, one massless spin 3/2 field ipi, and one massless spin 1/2 field 
ip . We find one higher-derivative cubic vertex (with k max < 3) that describes interaction like 
^2 — ^2— (massless spin 2 field). Equating the gravitational constant k to zero we obtain 

m 2 ,i(0)=g, m 2:2 = 4:g, (5.28) 
all remaining m a ,b and m 1 ^ are equal to zero, (5.29) 

where g stands for a coupling constant. We see that the vertex has k min = k max = 2. Recall, in 
(A)dS4, the massless spin 5/2 field does not have higher-derivative vertices subject to the condition 
kmax < 3. This implies that the higher-derivative vertex of the massless spin 5/2 field in Ad flat 
space, (15.28U5.29I ), does not have its counterpart in (A)dS± space. However, by analogy with 
discussion in Section 13 .41 the higher-derivative vertex of the massless spin 5/2 field in Ad flat 
space, (15.28l ), (15.29l) , can be related to the gravitational vertex of the massless spin 5/2 field in 
(A)dS A . This, let + C {2) ) 9Tav ^ dSi be the gravitational vertex of the massless spin 5/2 field 
in (A)dSi, where C w is the minimal gravitational vertex, while £ {2) is the two-derivative vertex 
given in (15^61). (15371) . Let £*f*-«W'«* be the higher-derivative vertex given in (15^81) . (15391) . 
Then, taking the gravitational vertex with n = 1/ a/2, we obtain 

lim a/^Ad + C i2) ) 9raV '^ dS4 = LcW~*er.flat ; (5 3Q) 

p^o 8g 
where we use relation m = 2 1 / = p, (11.351 ), for mass parameter of massless field when d = A. 

6 Higher-derivative vertices for (partial) massless spin 5/2 field, 
(massive) massless spin 1/2 field and massless spin 2 field 

The massless and partial massless limits lead to some special higher-derivative vertices for spin 
5/2 field. These special vertices describe interactions of spin 5/2 field with low spin 3/2 and 1/2 
fields and massless spin 2 field. The vertices are listed in Table II. We now discuss them in turn. 

6.1 Higher-derivative vertices for partial massless spin 5/2 field, massive 
spin 1/2 field and massless spin 2 in (A)dSd, d > 4 

In the partial massless limit /i(l) — > 0, (11.361) . the free massive spin 5/2 field \ip) (11.11) is de- 
composed into two decoupling systems - one partial massless spin 5/2 field, which is described 
by the fields ip 2 , ipi, an d one massive spin 1/2 field tp . The mass parameter of the partial mass- 
less field is given in (11.361 ), while the mass parameter of the field ip is equal to m = ^ryf—p, 
[|26l . We find two higher-derivative cubic vertices (with k max < 3) that describe interactions like 
CfeV'i ) — ?Po— (massless spin 2 field). Both these vertices are nontrivial for d > A and take 
k m in = kmax = 3. We now discuss these vertices in turn. 

a) First higher-derivative vertex. For this case, solution to the equations for m ajfe , m™ b required 
by on-shell gauge invariance can uniquely be determined by imposing the conditions m 3 2 = 0, 
m 3,4 — 0, and by equating the gravitational constant and m^™ to zero. In this way, we obtain 

m 2i a = 0, for all a, (6.1) 
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m 3 ,i(0) = 0, 7713,1(1) = 0, (6.2) 

m 3i2 = , (6.3) 

m 3 , 3 (0) = 0, (6.4) 

m 3)3 (l) = ^V, (6.5) 

m 3i4 = , (6.6) 

7i(0) , ( , n , 

m 3i5 = = g , (6.7) 

m ™ = , for all a, b , (6.8) 
where g' stands for a coupling constant and /i(0) is given in (I3.23I ). 

b) Second higher-derivative vertex. This vertex is governed entirely by the vertex operators 

M 1 ^. This to say that, firstly, we equate the gravitational constant and m aj b to zero and, secondly, 
we find that solution to the equations for m™ b imposed by on-shell gauge invariance is uniquely 
determined. We obtain solution^ 

ma,b = , for all a, b , (6.9) 

r4 m 3 = 0, (6.10) 

m 3 m 3 (0) = 0, (6.11) 

m " 3(1) = ^^ m '' (6 - 12) 

m 3 m 4 = 0, (6.13) 

m im _ AW im , ; (614) 

pV^p 

where g iml stands for a coupling constant and /i(0) is given in (I3.23I ). 



6.2 Higher-derivative vertices for massless spin 5/2 field, massless spin 3/2, 
1/2 fields, and massless spin 2 in flat space, d > 4 

In double limit, i.e., the flat space limit, p — > 0, and the massless field limit, m — > 0, the free 
massive spin 5/2 field \ip) (11.11) is decomposed into three decoupling systems - one massless spin 
5/2 field ip 2 , one massless spin 3/2 field and one massless spin 1/2 field ipo. We find two 
higher-derivative cubic vertices (with k max < 3) that describe interactions like ^2 — (massless 
spin 2 field) and two higher-derivative cubic vertices (with k rnax < 3) that describe interactions 
like — i^Q— (massless spin 2 field). All these vertices have k min = k max = 3. Equating the 
gravitational constant k to zero, we obtain the following vertices. 

23 We note that only for the partial massless field (and massless field in flat space) requirement of gauge invariance 
allows nontrivial mjfl. 
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A) Vertex ip 2 — (massless spin 2 field): 



m 3j3 (0)=^, m 3A = 4g, (6.15) 

all remaining m a ^ and m^j, are equal to zero. (6.16) 

B) Vertex ip2 — 4>i— (massless spin 2 field): 

m™(0)=9 im , ^ 3 m 4 = V m , (6.17) 

all remaining m ajb and are equal to zero. (6.18) 

C) Vertex ip 2 — ipo— (massless spin 2 field): 

m 3 , B = g', (6.19) 

all remaining m a ^ and m^™ are equal to zero. (6.20) 

D) Vertex ip 2 — ip®— (massless spin 2 field): 

mZ = 9 im ', (6.21) 

all remaining m a b and m^l are equal to zero. (6.22) 

In (I6.15I) - (I6.21I) . g, g im , g', and g im/ stand for coupling constants. We note that the vertices (A) and 
(B) do not survive reduction to d — 4. In other words, the vertices (A) and (B) are non-trivial 

only for d > 4. We also note that the vertices (C) and (D) are non-trivial for both d = 4 and 

d > 4. 



7 On-shell gauge invariant formulation of free massive spin 5/2 
Dirac field and massless spin 2 field in (A)dSd 

Because we are building interaction vertices in terms of the on-shell free massive spin 5/2 gauge 
field and the massless spin 2 field in (A)dS we begin with discussion of formulation we use to 
describe these fields^]. On-shell description of the massless spin 2 field in (A)dS is well known 
and is given at the end of this Section. We begin with discussion of the massive spin 5/2 field. 

To discuss Lorentz covariant and gauge invariant formulation of the massive spin 5/2 field 
in (A)dSd, we introduce Dirac complex-valued tensor-spinor fields of the so(d — 1, 1) Lorentz 
algebra, 

ijj ABa , ip Aa , ip a , (7.1) 

where ip ABa is symmetric in indices A, B. The tensor-spinor fields ip ABa , i\) Aa satisfy the 7- 
tracelessness constraints 

ry^AB = q ^ = q (7 2) 

We note that the fields tjj ABa , tp Aa , and ip a transform in the respective spin 5/2, 3/2 and 1/2 non- 
chiral representations of the Lorentz algebra so(d — 1,1). 

24 There are various interesting approaches in the literature which could be used to discuss interaction vertices. This 
is to say that various Lagrangian formulations in terms of unconstrained fields in fiat space and (A)dS space may be 
found e.g. in |48|-|52|. Application of BRST approach to studying interacting fields in AdS may be found in (53). 
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In order to obtain the gauge invariant description of the massive field in an easy-to-use form 
we introduce a set of creation and annihilation operators a A , ( and a A , ( defined by the relations^] 

[a A ,a B ]= V AB , [C,C] = 1, a A \0) = 0, C|0> = 0, (7.3) 

where r] AB is the mostly positive flat metric tensor. The oscillators a A , a A and (, £ transform in the 
respective vector and scalar representations of the so(d — 1,1) Lorentz algebra. The tensor-spinor 
fields (|7.1I) can be collected into the ket- vector defined by 

|^)^|^ 2 ) + C|^i)+CVo), (V.4) 

\tfj 2 ) =^ ABa a A a B \0) , (7.5) 

|-0i> =^p Aa a A \0), (7.6) 

\^ )=r\0). (7.7) 

Here and below, spinor indices of the ket- vectors are implicit. The ket- vector (|7.4I) satisfies the 
algebraic constraints 

(N a + N ( -2)\^) = 0, (7.8) 

7 c#> = 0, (7.9) 

N a = a A a A , N c = ((, 7 a = -f A a A . (7.10) 

The constraint (17.81) just tells us that the ket-vector \ip) is a degree-2 homogeneous polynomial in 
the oscillators a A and (, while the constraint (17.91 ) respects the 7-tracelessness constraints for the 
tensor-spinor fields ip AB and ip A (see (17.21) ). 

Gauge invariant equations of motion (E.o.M) for the massive spin 5/2 field in (A)dSd space we 
found take the form 

(> + m 1 + 2 7 «/ 3 C)l^) = 0, (7.11) 
where 7a = r ) A a A . The first-derivative Dirac operator Ij) appearing in E.o.M (17.111) is given by 

IP = 1 A D A , D A = r] AB D B , D A = ^ A D„ , (7.12) 

where e\ stands for inverse vielbein of (A)dSd space, while stands for the Lorentz co variant 
derivative 

D^d»+ l -u AB M AB . (7.13) 

The ijj AB is the Lorentz connection of (A)dS ( i space, while a spin operator M AB forms a represen- 
tation of the Lorentz algebra so(d — 1, 1): 

M AB = M AB + 1 J AB ) M AB = Oi A 6i B — oi B 6i A , 7 ^ = I( 7 V- 7 V). (7.14) 



25 We use oscillator formulation ifTTl [T2l |54| to handle the many indices appearing for tensor-spinor fields. It can 
also be reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M |56|. Note that the scalar 



oscillators £, Q arise naturally by a dimensional reduction Il55ll56ll from fiat space. Our oscillators a A , a A , (, £ are 
respective analogs of dx^, <9 M , du, d u of Ref.[56 | dealing, among other thing, withmassless fermionic fields in (A)dS. 
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Operator / 3 = fs(N^) and mass operator mi = mi(N^) appearing in E.o.M (17.1 II) are given by 

m ^ = ir&r' <7 - 15) 

where the function F(m, N$), depending on m, p (|1.33l) . and the operator Nq, takes the form 

F(m,N c ) = m 2 + p(^-iV c ) 2 . (7.17) 

Requiring E.o.M (17.1 II ) to be consistent with 7-tracelessness constraint (17.91 ) leads to the 
Lorentz constraint, 

(aD + (d + 2 - 2iV ( )/ 3 c) |-0> = , (7.18) 

where = a A D A . Equations of motion (17.1 II) . Lorentz constraint (17.181) . and 7-tracelessness 
constraint (17.91) constitute a complete set of differential and algebraic constraints to be imposed on 
the massive spin 5/2 field in the framework of on-shell gauge invariant approach. 

We now discuss gauge symmetries of E.o.M given in (17.1 II) . To this end we introduce parame- 
ters of gauge transformations e Aa , e a which are the respective Dirac complex- valued tensor-spinor 
spin 3/2 and 1/2 fields of the so(d — 1, 1) Lorentz algebra, where the e Aa is 7-traceless, i.e., we 
start with a collection of the tensor-spinor fields 

e Aa , e°, 7V = 0. (7.19) 

As before, to simplify our expressions we use a ket- vector of gauge transformations parameter 

|e) = | ei ) + C|e ), (7-20) 

| ei )=cA^|0>, |e )=e Q |0). (7.21) 

The ket- vector |e) satisfies the algebraic constraints 

(N a + N c - l)|e) = 0, (7.22) 

7a|e) = 0. (7.23) 

The constraint (17.221 ) tells us that the ket- vector |e) is a degree- 1 homogeneous polynomial in the 
oscillators a A , £, while the constraint (17.231 ) respects the 7-tracelessness of e A , (17.191) . 
We now can express gauge transformation entirely in terms of \ip) and |e), 

5\i>) = (aD + F)\e), (7.24) 

F=(f 1+1 af 2 + a 2 f 3 (, < 7 - 25 ) 

where the operators /1 = fi(N^), f 2 = fz{N^) do not depend on the 7-matrices and a-oscillators, 
and take the form 

~ ,A _L 1 _ AT v 1/2 

m<)-{^fnm,N c) ) , (7.26) 
72W= (d + 2-2%V2iV c) m ' (7 - 27) 
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and / 3 , F are denned in (f77T6h . (I7T71) . 

In order that gauge transformation (17.241 ) respects 7-tracelessness constraint (17.91) the gauge 
transformation parameter |e) should satisfy E.o.M 

[jp + + 2 7 a7 3 (0)c) |e) = , (7.28) 

where the mass operator mf = m 1 (N^) takes the form 

m« 1) (iV c ) = ^l_m. (7.29) 

In turn, E.o.M (|7.28l) and 7-tracelessness constraint (17.231) imply the Lorentz constraint for |e), 

(aD + d/ 3 (0)C)|e) = . (7.30) 

Equations of motion (17.281 ), Lorentz constraint (17.301 ), and 7-tracelessness constraint (17.231) con- 
stitute a complete set of differential and algebraic constraints to be imposed on the parameter of 
gauge transformation |e) in the framework of on-shell gauge invariant approach. 

We expressed our results in terms of the mass parameter m. Since there is no commonly 
accepted definition of mass in (A)dS we relate our mass parameter m with various mass parameters 
used in the literature. One of the most-used definitions of mass, which we denote by m D , is 
obtained from the following expansion of E.o.M: 

{IP +m D )\iP 2 ) + ... = 0, (7.31) 

where dots stand for 7a ip2 and \4>i), \ipo) terms. Comparing (17.311) with (17.1 II) . (17. 151) leads then 
to the identification 

m = m D . (7.32) 

Another definition of mass parameter for fermionic fields in (A)dSd 11261 , denoted by m, can be 
obtained by requiring that the value of m = corresponds to the massless fields. For the case of 
spin 5/2 field in ( y A)dS c i the mass parameter m is related with m D as 




(7.33) 



For the case of AdSd, substituting p = — 1/R 2 gives m D = m + ^ and it turns out that the values 
m > correspond to massive unitary irreps of the so(d — 1, 2) algebra |fT3~ll57ll . 

Two-derivative and three-derivative interaction vertices are constructed out the on-shell mas- 
sive spin 5/2 field and the on-shell massless spin 2 field in AdSd background. Two-derivative 
and three-derivative vertices that depend on the massless spin 2 field h AB through the linearized 
Riemann tensor constructed out the field h AB automatically respect the gauge symmetries of the 
massless spin 2 field h AB . Because the massless spin 2 field is assumed to be on-shell 

(V 2 - 2p)h AB = , V A h AB = 0, h AA = 0, (7.34) 

the linearized Riemann tensor for h AB is equal to the linearized Weyl tensor C ABCE for h AB . This, 
the two-derivative and three-derivative vertices we use in this paper depend on the massless spin 2 
field h AB through the linearized Weyl tensor. We use the Weyl tensor with conventional symmetry 
properties: C ABCE = -C BACE , C ABCE = C CEAB . The Weyl tensor C ABCE constructed out 
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the on-shell massless spin 2 field h AB satisfies the well-known E.o.M and various differential and 
algebraic constraints: 

(V 2 - 2(d - l)p) C ABCE = , (7.35) 

V A C ABCE = g ) (? 36) 

V {F C AB}CE = Q ^ (73?) 

C {ABC}E = Q ^ (73g) 

C AEEB = g ^ (739) 

where the notation {ABC} implies summation over cyclic permutations of indices A, B, C. The 
Weyl tensor can be expressed in terms of h AB as 

C ABCE = ^ v C v B h AE _ v C V A h BE + v E v A h BC _ v E v B h AC^ 

+ ±p( v BC h AE - rj AC h BE + rj AE h BC - rj BE h AC ) . (7.40) 



As we have said, we use only those two-derivative and three-derivative vertex operators (see (11.81) - 
(11.19b ) that depend on the massless spin 2 field h AB through the Weyl tensor C ABCE . Note that 
there are other two-derivative and three-derivative vertex operators that respect linearized gauge 
symmetries but do not allow representation entirely in terms of C ABCE . For example, in flat space, 
there is two-derivative cubic vertex iC = (ip\M'\ip), 

M' = C ABC V {a B a c a E ( - (a E a B a c ) + w ABC 1 B d A (a c f(0)( + (f(0)a c ) , (7.41) 

/ (0) = 1 — N{, which involves the linearized Lorentz connection (11.5b and respects on-shell gauge 
symmetrieS In this paper, we do not exploit vertices like the one in (17.41b . 



8 Restrictions imposed on cubic vertices by on-shell gauge in- 
variance 

We now demonstrate how the interaction vertices above-discussed can be obtained by using mas- 
sive spin 5/2 on-shell gauge symmetries. Before we formulate our statement, let us outline general 
strategy we use to find the gravitational and higher-derivative interaction vertices. The strategy is 
as follows (for details, see Appendix D). 

i) Firstly, we start with the minimal gravitational vertex and study restrictions imposed by gauge 
invariance. At this stage we make sure the gauge variation of the minimal gravitational vertex of 
the massive spin 5/2 field contains the Weyl tensor which cannot be compensated by variation of 
the graviton metric tensor. Thus, the minimal gravitational vertex is not self-consistent. 

ii) Secondly, we add to the minimal gravitational vertex all possible vertices involving two 
derivatives and consider restrictions imposed by gauge invariance. At this stage we make sure 

26 The vertex (17. 4U describes interaction of massless spin 5/2 field with massless spin 3/2 field and massless spin 2 
field. In the vertex \C = (ip\M'\ip) ( I7.4U . the C term and the w term are separately invariant w.r.t linearized massless 
spin 2 field gauge symmetries. Relative coefficient between the C term and the w term is determined by invariance 
w.r.t. linearized massless spin 5/2 field or massless spin 3/2 field gauge symmetries. 
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that it is possible to construct the gauge invariant gravitational vertex when d — 4, but this is not 
possible when d > 4. 

iii) Finally, we add all possible two-derivative and three-derivative vertices^! to the minimal 
gravitational vertex and consider restrictions imposed by gauge invariance. Now we make sure 
that it is possible to construct the gauge invariant gravitational vertex for d > 4 too. 

Motivated by observation that in order to construct the gravitational vertex for the massive 
spin 5/2 field in d > 4 one needs to involve vertices with two and three derivatives we start from 
the very beginning with the minimal gravitational vertex supplemented by all possible vertices 
with two and three derivatives and look for general solution to restrictions imposed by requiring 
the action to be gauge invariant. In this way, we find solution to the gravitational vertex and all 
possible higher-derivative vertices involving two and three derivatives. 

We now formulate our statement. 

Let d > 4. Consider Lagrangian (11.21) with vertex operators given in (11.61) , (11.71) . All that is 
required is to determine the quantities m a b and m" a b (|1.8t - (|1.19t . Requiring the Lagrangian to be 
invariant with respect to on-shell gauge transformation given in (17.241) we obtain that: 

a) The quantities m^a, a = 1, 2, 3, and m 3 i(0), m 3i3 (0) can be solved in terms of five quantities 
m 3 i(l) m 3 2 , m 3 3 (l), m 3)4 , m 3> 5. For the latter 5 quantities, we obtain 3 equations, i.e., we have 
two parametric freedom in the solution for m a ,b- 

b) 777.2™ is equal to zero, while 777,33(0) can be solved in terms of 77734. For the three remaining 
quantities 77133(1), m^™, m 3 ™ we obtain 5 equations, i.e., we have over-determined system of 
equations for m™. 

We now outline proof of our statement. To this end we evaluate the gauge variation of La- 
grangian (11.21) . The gauge variation allows the representation (by module of total derivatives) 



ie- l 5C int = (ip\V\e) - h.c. , (8.1) 

V = V w + V (3} + V {2) , (8.2) 

where V (4) , V {s) , V {2) stand for the respective four-, three- and two-derivative operators. They allow 
the representation 

3 3 

V W = ^4,aV 4 ,a + Yl X Ta V ^ > ( 8 - 3 ) 
a=l a=2 

5 

^ 3) = ]T(X 3 , a + X3 m a )V 3 , a , (8.4) 

a=l 
2 

V {2) = J2(X 2 , a + X™)V 2 , a , (8.5) 



a=l 



where X a j and X™ are some linear functions of the respective quantities m a b and m^™ . Explicit 
expressions for X a b and X"1 may be found in Appendix D (see (ID.3I) - (|D.19I )). The V aj b are base 



27 We use two-derivative and three-derivative vertices subject to condition that they depend on the massless spin 2 
field h AB through the linearized Weyl tensor constructed out h AB . 
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operators constructed out the Weyl tensor, the oscillators, and the covariant derivatives, 

V 4>1 = V F C A( - BC ^ A a F a B a c D E , (8.6) 

y 42 e= V F C ABOE 7 AB a F a c (D E , (8-7) 

V 4j3 ee V F C ABCE 1 AB (a F a c D E , (8.8) 

V 31 eeC abc V B « c 7J e , (8.9) 



_ riABCE^B^C-Ai^E 

1/3 2 = C a a a D , 
V 3l3 = V^a ^ , 
V 3 ,4 ee VCa B a C £ S 
V 3 5 ee C ABC V^ 2 "^ , 

V 2>1 ee C Ai?c Va B a C a £ , 

v 2 , 2 eeC^ c V b C« c « £ . 



8.10) 
8.11) 
8.12) 
8.13) 

8.14) 
8.15) 



Requiring gauge variation (18.11) to vanish gives the equations X a fc + X 1 ^ = 0. Since X a fe 
are real valued, while JQ™ are pure imaginary, these equations amount to two set of equations, 
X a ,b = 0, x™ b = 0. 

We first outline results in analysis of the equations X a j, = 0. 

i) Equations X 4 a = 0, a = 1, 2, 3, lead to 

m 3 ,i(0) = m 3i2 , m 3 , 3 (0) = im 3>4 . (8.16) 

ii) Equations X 3)(J = 0, a = 1, 2, 4, allow us to solve the quantities m 2j i(0), m 2j i(l), m 2 2 , m 2 , 3 in 
terms of m 3)1 (l), m 3>2 , m 3j3 (l), m 3j4 and m 3j5 , 

m 2 ,i(0) = -^mm 3i2 - ~/i(0)m 3)4 , (8.17) 

m 2 ,i(l) = - 2 ^ + _ 2 2) »3,i(l) - 2/ 1 (l)m 3>3 (l) + ^/i(0)m 3i4 , (8.18) 
m 2)2 = 4m 2ll (0) , (8.19) 

™ 2 , 3 = -7i(0)m 3)1 (l) + -^A(0)to 3)2 + mm 3 , 4 . (8.20) 

iii) The remaining 4 equations X 33 = X 3 5 = 0, X 2;1 = X 2 2 = 0, are not all independent. This is 
to say that these 4 equations lead to 3 equations for 5 unknown quantities m 3i i(l), m 3)2 , m 3 3 (l), 
m 3j4 and m 3j5 , 

„ /7 _ 9 ~ 4m ~ 

-/a(0)m 3)1 (l) + -^-/i(0)m 3)2 + rf(rf _ 2) m 3 , 4 + 2/ 1 (l)m 3)5 = , (8.21) 
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/i(0)m 3l3 (l) - 4( d d _ 4 2) /i(l)m 3 , 4 + ^_^ mm 3 , 5 = , (8.22) 

-/i(0)m 3 ,i(l) + ( j2 m 2 + i pjm 3 , 2 

+ 2 ^~^ m/i (0)m 3 , 4 = - V2 k . (8.23) 

When d > 4, relations (I8.16l) - (|8.20l) and equations (I8.21I) - (I8.23I) constitute a complete system of 
equations for m a ib that can be obtained from the requirement of on-shell gauge invariance of the 
Lagrangian. In (|8.23l) we restore dependence on the gravitational constant k (which throughout 
this paper is set k = l/y/2). The contribution related to k is obtained from the gauge variation of 
the minimal gravitational vertex. Solutions to the equations for the gravitational vertices are given 
for value k = 1/ a/2, while solutions to the equations for higher-derivative vertices are obtained 
for k = dH|. All solutions of Eqs. (|8.21l) - (I8.23I) were discussed in Sections |2H and [6l 

We now discuss results in analysis of the equations X*™ = 0. 

i) Equations X 1 ^ = 0, a = 2, 3, lead to 

^3 m 3 (0) = ^ m 4- (8-24) 

ii) The remaining equations X 3 ™ = 0, a = 1, . . . , 5, and X 2 ™ = X 2 ™ = amount to equations 

m 2 m 3 = 0, (8.25) 

mm ^ 4 = o , (8.26) 

pmf 4 = 0, (8.27) 

/ 1 (l)m^ 3 (l) = 0, (8.28) 

/i(1K = 0, (8.29) 

7i(0)m 3 m 3 (l) + |^|mm 3 m 5 = . (8.30) 

Equations (18.24l) - (18.30l) constitute a complete system of equations for m 1 ^ that are obtained from 
the requirement of on-shell gauge invariance of the Lagrangian. All solutions of Eqs. (|8.24l) - (I8.30I) 
were discussed in Sections [2H3] and [6l 

Now let us consider the case d = 4. When d = 4, one has taken into account that vertex 
operators M a ,b, Mfy (fL8l) - (11.191) and operators V a ,b (f8T6l)- (l8.15l) are not all independent. This is 
to say that we proceed as follows. 

a) The operators M 3 l5 M 3 2 , M 3 4 , M 3 ™ are expressible in terms of the remaining operators M a b , 
M^™. In order to take this into account we set the corresponding coefficients equal to zero, 

m 3 ,i(0)=0, m 3il (l) = 0, m 3 , 2 = 0, m 3 , 4 = 0, m 3 m 4 = . (8.31) 



28 As is well known, general solution of non-homogenous linear equations (like the ones in ( 18.2 1 b -( [8T23T >> is obtained 
by adding a particular solution (which is realized as gravitational vertex here) of non-homogeneous equations, k ^ 0, 
to the general solution (which is realized as higher-derivative vertex here) of homogenous equations, k = 0. 



31 



b) The operators V 3)2 and V 3j4 are expressible in terms of the operators V 3jQ , V 2ja - This, when 
d = 4, basis of operators V a ,b is given by 

V 4 , , a = 1,2, 3, V 3 ,i, V 3 , 3 , V 3 , 5 , V 2 ,i, V 2 , 2 . (8.32) 

To take this into account, we substitute the representation for the operators V 3i2 and V 3 , 4 in terms 
of the independent operators V a ,b (see (|F.38I) . (1F.39I) ) into expressions for the gauge variation (see 
(18.3I) - (18.5I) ). This gives representation of the gauge variation in terms of the independent operators 
(|8.32l) . Then, the gauge variation takes form (|8.1I) . (|8.2I) . where 

a=l,2,3 a=2,3 

V m = ( X 3,a + X™)V 3 , a , (8.34) 

a=l,3,5 

V (2) = ^(X 2 , a + XfjV 2 , a , (8.35) 



0=1,2 



and the explicit expressions for X a £ and X^™ are given in Appendix D (see (ID.44I) - (ID.53I) ). The 
respective equations imposed by gauge invariance take then the form 



X 4)(I 


= o, 




a = 1, 2, 3 ; 


*4 m a = 0, 


a = 2, 3 ; 


(8.36) 




- A 3,a 


= o, 


a = 1, 3, 5 ; 






(8.37) 


X 2](I 


x^im 
- A 2,a 


= 0, 


a = 1,2. 






(8.38) 



We now discuss results in analysis of equations (I8.36l) - (|8.38l) . We begin with analysis of the 
equations X a fe = 0. 

i) X 4>1 is equal to zero automatically, while the equations X 4>2 = X 4)3 = give 

m 3 , 3 (0) = 0. (8.39) 

ii) Equations X 3i4 = 0, X 3>3 = allow us to solve the quantities m 2j i(0), m 2; i(l), m 2]3 in terms of 
ra-2,2, ^3,3(1), and m 3;5 , 

m 2 ,i(0) = ^m 2>2 , (8.40) 

m 2 ,i(l) = -2/ 1 (l)m 3 ,3(l) > (8-41) 
m 2 ,3 = -2/ 1 (l)m 3 ,5. (8.42) 

We note that, the coefficients m 2) i(0), m 2)2 (18.401) . in contrast to the ones in d > 4 (see (18. 171) , (18 .191 )), 
are not expressible in terms of the coefficients m 3 a . 

iii) The remaining 3 equations, X 3j5 = 0, X 2) i = X 2j2 = 0, are not all independent. This is to say 
that these 3 equations lead to 2 equations for 3 unknown quantities m 2)2 , m 3j3 (l), and m 3j5 , 

7i(0)m3,3(l) + |mm 3)5 = 0, (8.43) 
-mm 2 , 2 - 2/ 1 (0)/ 1 (l)m 3l5 + V2k = . (8.44) 
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We now proceed to discussion of the equations X 1 ^ = in (I8.36I) - (I8.38I) . 

i) Equations X™ = = lead to 

m£ 3 (0) = 0. (8.45) 

ii) Equations X l ^ a = 0, a = 1, 3, 5 and X™ a = 0, a = 1, 2 amount to 

m!, m 3 = 0, (8.46) 
7i(l)m£ 3 (l) = 0, (8.47) 
/i(l)< = 0, (8.48) 

/ 1 (0)mj ! m 3(l) + ^mmi ? m 5 = 0. (8.49) 

We note that Eqs. (|8.46l) - (I8.49I) are obtained from their counterparts for d > 4 (see (18.25M8.28h - 
(18.301) ) by a simple substitution d = 4. 

When d = 4, equations (I8.31I) . (I8.39I) - (I8.49I) constitute a complete system of equations that are 
obtainable from the on-shell gauge invariance of the Lagrangian. All solutions of these equations 
were discussed in Sections [ 
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Appendix A Notation and conventions 

We use space-time base manifold indices /i, u, a, X — 0, 1, . . . , d — 1 and flat vectors indices of the 
so(d - 1, 1) algebra A, B, C, E, D, F = 0, 1, . . . , d - 1. 

We use x 2^ d ^ Dirac gamma matrices 7 A in d-dimensions, 

{ 1 A n B } = 2r ] AB , 7 At = 7°7V, (A-D 

where r\ AB is mostly positive flat metric tensor. To simplify our expressions, we drop t]ab in scalar 
products and use X A Y A = t]abX a Y b . Second relation in (IA.1I) implies 

(i7°) f = +i7° , (i7V) f = -i7°7 A , dl°l AB ) ] = -i7°7 AB • (A.2) 
We assume the normalization of spin 5/2 field Lagrangian and Einstein-Hilbert Lagrangian as 



4/2 = -i£{#W + ..., (A.3) 
1 

2k 2 



C EH = —y/^G(R-{d-l)(d-2)p) , (A.4) 



where E = detE A , G = detG^ and (ip\ = (l^p))^ . Hermitian conjugation rule for a product 
of fermionic fields ip, x is assumed to be (ipxV = Riemann tensor and its contractions are 

R^uXa- = dxT^ + . . . , R^v = R a ^au , R = G^R^ . (A.5) 
Metric G^ v and veilbein E A are expanded over (A)dS space metric g^ v and vielbein e A as 
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E A = e A + -=h A , = + V2 nh^ + . . . , V = e ^ ■ ( A - 6 ) 

The gravitational constant k, unless otherwise specified, is set to be k = 1/ V2. 

(A)dS space-time tensor, h* J,u , and tensor-spinor, ^ v , fields are related with the respective 
fields carrying the flat indices in a standard way, 

h AB = e A e B hT , ^ AB = e A e B ^ v . (A.7) 

Using the flat indices and p given in (11.331 ), we obtain Riemann tensor for (A)dS space 

Co variant derivative V^, acting on vector and spinor fields 

V^ B = d^ A + u AB {e)<p B , = drf + ^(ejyuty , (A.9) 

satisfies the standard commutators 

[V„ V v ]<f> B = R AB <j> B , P>m> W = J<V B V> • (A. 10) 

Instead of £> M , we prefer to use a covariant derivative with the flat indices V A , 

V A = e\V^ V A = V AB V B , (A.ll) 
where e\ is inverse of (A)dS vielbein, e A e^ = 5 A . 

Appendix B Commutators of oscillators and derivatives 

We use the algebra of commutators for operators that can be constructed out the oscillators a A , 
a A , 7-matrices, and derivative D A (17. 121 1, (17 .131 ) (see also Appendix A in Ref. 11581 ). Starting with 

where &a = E^d^, = d/dx 11 , and Q ABC is a contorsion tensor, we get the basic commutator 

[D A ,D B ] = Q ABC D C + l -R ABCD M CD 

= n ABC D c + P M AB . (B.2) 

The spin operator M AB is given in (17.14I ). In (1B.2I) and below, we represent our relations for a 
space of arbitrary geometry and for (A)dSd space. Using (1B.2I ) and the commutators 

rn^ „B) , ABC „C r n A -Bi , ABC -C r n ^ „,-Bl , .ABC .C m 1\ 

we find straightforwardly 

[D A ,a 2 ] = 0, [a 2 ,D A ] = 0, [D A ,^a]=0, (B.4) 
[a 2 , aD] = 2aD , [7a, aD] = Jp , ,7a} = 2a£> , (B.5) 
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jp2 = Q + i AB R ABCD M CD 

= D + ^ AB M AB , (B.6) 

[aD,aD] = □ - X -R ABCD M AB M CD 

= n-^Mf B M AB , (B.7) 

W,aD] = ]p A a B R ABCD M CD 

= p(^a(aa H — ) — a 2/ ya\ , (B.8) 



[aD,Jp\ = ~^ A a B R ABCD M CD 



p[(aa-\ )7« — 7aa 2 ) , (B.9) 



[D^aD] = -a; SCA a s D c + l -R ABCD a B M CD 



-u BCA a B D c + p(a A (aa + h- a 2 a A - ^ 7 a 7 A ) , (B.10) 



aD] = -u BCA a B D c + l -R ABCD a B M CD 



= -u BCA a B D c + p(^-(aa + d-^)a A + a A a 2 + ^ 1 A ^a), (B.ll) 
[D A , Ip ] = - U ; BCA 1 B D C + ^R ABCD 1 B M CD 

= - u BCA^ D C + J^_ fya5c A_^zl fy A\ (BU) 



where we use the notation 

n = D A D A + u AAB D B . (B.13) 

Expressions (IB. 11) , (IB.3D - (|B.5D and the ones in 1st lines in (|B.2D , (|B.6D - (|B.12| ) are valid for arbitrary 
geometry, while the expressions in the 2nd lines in (IB.2L (]B.6b - (IB. 12b are adopted to (A)dS d 
geometry. 



Appendix C On-shell gauge invariant formulation for 
massive spin s + \ fermionic field in (A)dSd 

The aim of this Appendix is twofold. Firstly, we outline on-shell gauge invariant formulation for 
massive arbitrary spin fermionic field. Secondly, we present some details of derivation of on-shell 
gauge invariant formulation for the massive spin 5/2 field. 
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On-shell gauge invariant formulation can be obtained from the gauge invariant formulation 
developed in [|26l . We start therefore with brief discussion of the gauge invariant formulation. 

Gauge invariant Lagrangian for massive arbitrary spin s + | fermionic field (s is an integer 
number) is constructed out tensor-spinor spin s 1 + | fields of the so(d — 1, 1) Lorentz algebra 
^ ) A 1 ...A 3 ,a^ s ' = o, 1, . . . , s. Collecting these tensor-spinor fields into a ket-vector defined by 

s 

i^]Tc s - s 'h/v>, (CD 

s'=0 

|V S ' > = a M ... a A °' ip Al - A °' a (x) |0) , (C.2) 

allows us to write the Lagrangian entirely in terms of \ip). The tensor-spinor fields satisfy, by 
construction, 7-triple tracelessness constraint which can be written in terms of as 

1 aa 2 \tfj) = 0. (C.3) 

Lagrangian for the massive fermionic field in (A)dSd space found in [|26ll takes the form 

C f~-der f~-m j (C.4) 

\e- x C der = (i/>\L\i/>) , ie~ l C m = (i/>\M\i/>) , (C.5) 

where L stands for a first order differential operator, while M. stands for a mass operator. The 
operators L and M. take the form 

L = I[) — aDja — 7a aD + jalp 

111 

+ -ja aDa 2 + -a 2 ^a aD — -a 2 Ip a 2 , (C.6) 

M. = (1 — 707a — -a 2 a 2 )rrii + fh^aC, — -a 2 C7«) 

- (C7« - ]paCa 2 )m 4 , (C.7) 
where we use the notation 

2s + d-2 

mi = 2s + d-2-2N c m ' (C8) 

m 4 = f 2 ^'" 3 "^ F(m, s, N c j) * , (C.9) 

F(m,s,iV c ) = m 2 + p(s + ^-^-iV c ) 2 . (CIO) 

To describe a gauge transformation, we introduce tensor-spinor fields e A i-A' 5 s' = 0,l,...,s — 1. 
As before, we collect these tensor-spinor fields in a ket-vector |e) defined by 

s-1 

|e)^C s - W M, (C.ll) 



s'=0 



e s /) = a Al . . . a A °'e Al - A °' a (x)\0) . (C.12) 
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The tensor-spinor fields e A i-A>' satisfy, by construction, 7-tracelessness constraint which can be 
written in terms of the ket-vector |e) as ja\e) = 0. With this notation, the gauge transformation 
takes the form 

6\ip) = (aD + F)\e), (C.13) 
jr = a l + 1 aJ 2 + a 2 U, (C14) 

l=(^±P^F^s,NS) l '\ (C.15) 
J V2s + d-4-2iV c v ' ' u ) ' v 

7 2g + d - 2 

/2 (2s + rf-2-2A^ <: )(2s + rf-4-2iV (: ) m ' ^ 



f iE -(-WljL % ,,, t) f. (C.17) 
K (2s + d - 4 - 2iV c ) 3 v ' ' c;y 

We now proceed with discussion of on-shell gauge invariant formulation. In the framework of 
on-shell gauge invariant formulation, the massive arbitrary spin s + \ fermionic field \ip) satisfies 
the following differential and algebraic equations: 



jp +mi + 2 7a / 3 Cj|V;> = 0, (C.18) 

faD + (2s + d - 2 - 2iV c )7 3 c) |V) = , (C.19) 

7a|V>) = 0, (C.20) 

which are the respective E.o.M (IC.18I) . Lorentz constraint (IC. 191) and 7-tracelessness constraint 
(|C.20I) . In on-shell gauge invariant approach, the parameter of gauge transformation |e) satisfies 
the differential and algebraic equations, 

(jp +m m + 2jaM)\e)=0, (C.21) 

(aD + (2s + d - 4 - 2iV f )/ 3 c) |e) = , (C.22) 

7«|e) = 0, (C.23) 

where 

2s + d-2 

mf 5 = m . (C.24) 

1 2s + d-4-2N c v J 

Equations (IC.18I) - (IC.23I) constitute a complete set of equations for \ip) and |e) in the framework 
of on-shell gauge invariant approach. These equations can obviously be derived from the gauge 
invariant approach discussed earlier in this Appendix. To demonstrate how this derivation comes 
about, we consider the case of spin 5/2 field in what follows. 

In view of gauge symmetry (IC 1 31) and the constraint ja\e) = we can impose the following 
gauge condition on the massive spin 5/2 field 

( 7 a- ~jaa 2 )\i>) = 0. (C.25) 
d 

Requiring gauge condition (IC.25I) to be invariant w.r.t gauge transformation (|C.13I) . 

ha - -jaa 2 )5\ilj) = , (C.26) 
d 
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leads to the following equations for the parameter of gauge transformation: 

(JP _2 7aSjD + _^|_ m) | e) = _ (C27) 

Before we proceed, observe that Eqs. (IC.27l) lead to the following equations: 

DC|e) = 0, DaD|e) = 0, (C.28) 

D = #+^|m. (C.29) 

To summarize, there is leftover gauge symmetry (IC.13I) with the parameter |e) that satisfies Eqs. (|C.27l) . 
We now consider leftover gauge variation of a 2 \ip) and E.o.M for a 2 \ip). Using (IC.13I) we obtain 

5 (a») = |£> , |£> = 2(aD + d/ 3 (0)c) |e) , (C.30) 

while using (IC.25I) and E.o.M derived from Lagrangian (IC.4I) . (L + Ai)\tp) = 0, we obtain 

Da 2 |V) = 0. (C.31) 

Also, it is easy to see that Eqs. (|C.28l) lead to the following equations for \S): 

D\S) = Q. (C.32) 

From (IC.31I) . (IC.32I) . we see that a 2 \ip) and \£) satisfy the same E.o.M. Taking this and the 1st 
relation in (|C.30I) into account, we can set 

a 2 |^) = 0, |£> = 0. (C.33) 

Gauge condition (IC.25I) and the 1st relation in (IC.33I) implies 7-tracelessness constraint for \ip), 
(17.91 ), while the 2nd relations in (IC.30I) and (IC.33I) imply Lorentz constraint for |e), (17.301) . 



Appendix D Analysis of gauge variation of Lagrangian 

Taking into account gauge transformation (17.241) . we see that the gauge variation of Lagrangian 
(11.21) can be written as 

6C mt = 6C W + 8C m + 6C W , (D.l) 

ie- l 5C {a) = (iP\M [a) {aD + F)\e) - h.c. , a = 1,2,3. (D.2) 

Using E.o.M, the Lorentz constraint, and the 7-tracelessness constraints for the ket-vectors \ip) and 
|e), gauge variation (ID. II) can be represented as in (I8.1I) - (I8.5I) . where the operators V a ,b given in 
(I8.6I) - (|8.15I) constitute a complete basis of the operators involving four, three, and two derivatives. 
The quantities X^ b and X 1 ^ depend on m a fe and m}™ b respectively. Some of X a X 1 ^ depend on 
the iVf . When d > 4, we obtain the following expressions for X a b , X™: 

^i = -m3,i(0) + m 3l2 , (D.3) 
X 4>2 = -m 3j3 (0) + ^m 3i4 , X 4j3 = X 4)2 , (D.4) 
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X 3 ,i = i/ 2 m 3il + (rf + 4)/3(0)iV f m3,3(0)-2/3(0)iV c m3,4 

+(N C + l)7im 3 , 3 +7712,1, (D.5) 

X 3 ,2 = 37 2 (0)m 3 , 2 -7 2 (0)m3,i(0) + 7 1 (0)m 3 ,4-4m 2il (0) + 2m 2i2 , (D.6) 

X 3l3 = 7(0)m3,i(0) + 27(0)m 3 , 2 - ^(mi(0) + m 1 (l))m 3 ,4 

+47(1)^3,3(0) + 27(1)7^3,5 + m 2i3 , (D.7) 

X 3 ,4 = (rf + 3)73(0)m 3 , 1 (0)- 273(0)m3,2-^(m 1 (0)+m 1 (l))m 3 ,4 

+7(0)m 3 ,i(l) + 4/ 2 (0)m 3)3 (0) + m 2 , 3 , (D.8) 

X 3 , 5 = d/3(l)m 3)3 (0) - 7(1)^3,4 + ^7(1)^3,5 

+7i(0)m3,3(l) + ^7(0)m 3 ,5, (D.9) 

*2,i = -|pm 3 ,i(0)+ (i(m 1 (0)+m 1 (l))7(0) + ^ T ^p)m 3 , 2 

-4m! (0)7712,1 (0) + 27 (0)m 2 ,2 + 7 (0)t77 2 , 3 + V 7 ^ , (D. 10) 

3 3 d T 
X 2 ,2 = 2^(0)7(0)^3,2 - -p777 3j3 (0) — pm 3i4 

+ (d - 4)7(0)7772,1(0) + 7(0)m 2 ,l(l) + ^7(0)7772,3 , (D.ll) 



*5 = -^3 m 3(°) + ^3" , = , (D.12) 

X$ = df 3 (0)N ( m™(0) - 7(0)iV c m 3 m 4 + (N c + l)7m 3 m 3 , (D.13) 

XZ = 7(0)m 3 m 4 , (D.14) 

*5 = <3 - ^K(O) + mi(l))m 3 m 4 + 47(l)m 3 m 3 (0) + 27(l)m 3 m 5 , (D.15) 

*3 m 4 = -^2 m 3 + \{™M + ^i(!))^3 m 4 - 47(0)m 3 m 3 (0) , (D.16) 
^,5 = -^(l)m 3 m 3 (0) + 7(l)m 3 m 4 - \f 2 (l)m™ - 7(0)m 3 m 3 (l) - ^7(0)m 3 m 5 , (D.17) 

X^ = 7(0)m 2 m 3 , (D.18) 
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X'Z = + ^pm^ - |/ 2 (0)m5 • (D.19) 

Requiring gauge variation (18.11) to vanish gives the equations X ajb = X 1 ^ = 0. Solutions to 
these equations were discussed in Section[8] The following remarks are in order. 

i) From dP.3t , (|D.4t and (ID. 121 ), we see that the equations X^ a = 0, a = 1, 2, 3, and Xfy = 0, 
X ™ = lead indeed to (18.161 ) and (18.241 ) respectively. 

ii) The X 31 defined in (ID .51 ) depends on the operator N^, X 31 = X 3i i(A^). Because X 31 is acting 
on ket- vector |e) (18.11) which is a degree- 1 polynomial in the oscillator (, the equation X 3 i = 
amounts to the two equations, X 3 i(0) = 0, X 3 i(l) = 0. These two equations allow us to solve 
m 2 ,i(0), m 2) i(l) in terms of m 3ja (see (I8.17I) . (I8 181) ). Equation X 3j2 = leads to (18.191 ) . 

iii) Using (18.161) . we can express X 3;4 in terms of m 2 3 m 3) i(l), m 3 2 , m 3 4 . Also, it is convenient to 
express / 3 (0) (17.161 ) in terms of /i(0) (1 1 .3 1 b ■ After this, it is easy to see that the equation X 3 4 = 
leads to m 2)3 given in (18.201) . 

We now outline derivation of gauge variation (I8.1I) - (I8.5I) . All that is required is to rewrite each 
term appearing in the gauge variation (see (|D.1I) . (ID.2I) ) in terms of the operators V a ,b- We now 
represent various pieces of the gauge variation of the vertices £ (o) . To simplify our formulas, we 
adopt the following convention. Let A and B be some operators. We use the relation 

A w B (D.20) 

in place of 

e(ip\A\e) = e(ip\B\e) + total derivative. (D.21) 

Using such convention, we note that the gauge variation of the minimal gravitational vertex, 5£ {1) 
(ID.2I) . can be read from the formula 

M (1) (aD + F) w V 2)1 . (D.22) 

From this formula, we see that the minimal gravitational vertex is indeed not gauge invariant. In 
order to obtain gauge invariant gravitational vertex, we should add to the minimal vertex, two- 
derivative vertices at least. Gauge variation of the two-derivative vertices, 5C {2) (|D.2I) . related to 
the vertex operators M 2j0 can be read from the formulas^! 

3 

J2 M 2, a aD sa m 2il V 3il + (-4m 2il (0) + 2m 2>2 )V 3 , 2 

a=l 

+ ra 2 , 3 V 3 , 3 + m 2i3 V 3j4 

- 2(mi(0)+m 1 (l))m 2)1 (0)V 2j i 

+ (d-4)/ 3 (0)m2,i(0)V 2> 2, (D.23) 

3 

Yj M ^ T ~ (72(0)(4m 2il (0) + 2m 2i2 ) + 7 1 (0)m 2i3 )v 2 ,i 

o=l 

+ (7i(0)m 2>1 (l) + ^7 2 (0)m 2i3 )v 2 , 2 . (D.24) 
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The two-derivative vertex operators Af™ are not relevant in discussion of the gravitational vertex. These vertex 
operators contribute only to the higher-derivative vertices of the partial massless spin 5/2 field in (A)dS space and the 
massless spin 5/2 field in flat space. Contributions of M™ a to the gauge variation is given below. 
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Using these expressions, one can make sure that unwanted V 2) i term appearing in 5C W + 5C {2) 
can be canceled by suitable choice of m 2ia . But, due to 5C {2) , new terms governed by the operators 
V2,2> V 3ia , a = 1,2, 3, 4, appear in 5£ {1) + 5C {2) . These new terms should also be canceled to obtain 
gauge invariant Lagrangian C m + £ (2) . One can make sure that this is not possible when d > 4. 
This, when d > 4, the equation 5£ w + 5C {2) = can in no way be satisfied by choice of m 2jQ . 
However it turns out that the equation 5C W + 5C {2) = has solution when d = A. Reason for this is 
traced to the fact that the operators V 3iQ , a = 1,2, 3, 4, are not all independent when d = 4. Namely, 
two of them, V 3 2 and V 3j4 , are expressible in terms of the remaining operators (see (IF.38I) . (|F.39I) ). 
Plugging (|F.38I) . (|F.39I) in (|D.23I) . one can make sure that the equation 5C W + 5C (2) = can be 
satisfied by suitable choice of w 2)0 . Solution for such m 2ja is given in (I5.26l) . (|5.27l) . This, to obtain 
the gravitational vertex for d > 4 we should add to C w and C {2) the three-derivative vertices £ (3) . 
The gauge variation of these vertices can be read from the following formulas: 

M 3)l aD « -m 3)1 (0)V 4 ,i - ^m 3jl V 3 ,i 

- 73(0)m3,i(0)V3,3 + (rf + 3)73(0)m3,i(0)V 3i 4 

- ^m 3 ,i(0)V 2il , (D.25) 

M 3t2 aD « m 3i2 V 4 ,i - / 2 (0)m 3;2 V3, 2 

+ 2/ 3 (0)m 3 , 2 V 3 , 3 - 2/3(0)m 3 , 2 V3,4 

+ (^K(0)-m?(l)) + ^ T ^p)m 3 , 2 V 2 , 1 , 

- ~£(0)£(0)m 3l2 V 2 , 2 , (D.26) 

M 3)3 aD « -m 3i3 (0)V 4 , 2 - m 3i3 (0)V 4i3 

+ (d + 2)/ 3 (0)m 3i3 (0)iV c V3,i + ^3(1)^3,3(0) V 3 , 5 

- ^pm 3)3 (0)V 2 , 2 , (D.27) 

M 3A aD « ^m 3>4 V 4 , 2 + im 3i4 V 4i3 

- 2/ 3 (0)iV c m3, 4 V3,i - + ™i(2))m 3 , 4 V 3j3 



mi(l)m 3j4 V 3)4 - /s( 1)^3,4 H, 



3.5 



£(d - 7)m 3 , 4 V 2 , 2 , (D.28) 



M 3 , 5 aD « i/ 2 (l)m 3 ,5V 3 ,5, (D.29) 



M 3A T « ^2m 3>1 V 3) i-/ 2 (0)m 3il (0)V 3> : 
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+ 



2/3(0)m 3 ,i(0)V 3 ,3 + /i(0)m 3 ,i(l)V 3 ,4 , 



(D.30) 



M^T w 4/ 2 (0)m 3 , 2 V 3 ,2 + 2(mi(0) + m 1 (l))/ 2 (0)m 3 , 2 V 2 ,i 

+ 6/ 2 (0)/ 3 (0)m 3i2 V 2 , 2 , (D.31) 



M 3i3 ^ « (/i(A^ c + l)m 3i3 + 2/ 3 (0)iV ( m 3i3 (0)JV 3il +4/ 2 (l)m 3i3 (0)V 3 , 3 

+ 4/ 2 (0)m 3i3 (0)V 3 ,4 + /i(0)m 3i3 (l)V 3 , 5 , (D.32) 

M 3j4 ^ « 7i(0)m 3i4 V 3 , 2 + 7 2 (l)m 3 ,4V 3 , 3 + 7 2 (0)m 3 , 4 V 3 ,4, (D.33) 

M 3i5 ^ « 27 1 (l)m 3 , B V 3 ,3 + |72(0)m 3l 5V 3 ,5 ■ (D.34) 

Altogether, the relations in (|D.22I) - (|D.34I) give the gauge variation in (l84l) - (l83T) with the X a)b 
defined in (|D.3I) - (1D.1 II) . We note that, due to 5C (3) , new terms governed by the vertex operators 
V 3) 5, V 4 , a , a = 1,2,3, appear in the gauge variation 5{C m + £ (2) + £ (3) ). Now, the equation 
5(C {1) + £ (2) + £( 3) ) = can be solved for arbitrary d > 4 by suitable choice of the coefficients 
m 3)( j and m 2 a . To summarize, when d > 4, the procedure of building the gravitational vertex of 
the massive spin 5/2 field terminates at three-derivative vertices. 

The remaining two-derivative and three derivative vertex operators M 2 ™ and M 3 ™ do not con- 
tribute to the gravitational vertex. But, these operators lead to some higher-derivative vertices. The 
gauge variation of vertices associated with the operators M^, M 3 ™ can be read from the following 
formulas: 

M™aD « m 2 m 3 V 3 , 3 -m 2 m 3 V 3 ,4, (D.35) 
« 7i(0)m 2 m 3 V 2 , 1 -^7 2 (0)m 2 m 3 V 2 , 2 , (D.36) 

M™aD « -m 3 n 3 (0)V 4 , 2 + m 3 m 3 (0)V 4 , 3 

+ (d + 2)7 3 (0)m 3 m 3(0)iV c V 3 , 1 - d73(l)m 3 m 3 (0)V 3 , 5 

+ ^ 3 m 3 (0)V 2 , 2 , (D.37) 

M™aD » I m -V 4 , 2 - ^m 3 m 4 V 4 , 3 

- 7s(0)iV c m3 m 4 V 3jl - ~(mi(0) +m 1 (2))mf 4 V 3 , 3 
+ m 1 (l)m 3 m 4 V 3i4 + 73(l)^ 3 m 4V 3l5 

+ ^-7)m 3 m 4 V 2 , 2 , (D.38) 

JWgaD « -^7 2 (lK m 5 V 3 , 5 , (D.39) 
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« ((JV f + ^A^S -2/ 3 (0)iV c m^(0))v3,i + 4^(l)mf 3 (0)V3,3 
- 47 2 (0)mi 5 m 3 (0)V 3 ,4-7i(0)m! s m 3(l)V3,5, (D.40) 
Mg^ « 7i(0)mf 4 V3, 2 + 7 2 (l)mf 4 V3,3-7 2 (0K m 4 V 3 ,4, (D.41) 

« 27(1^^3,3-^7(0^^3,5. (D.42) 

Altogether, the relations in (lD.35MD.42b give X' 1 ^ terms in gauge variation (l84T) - (f8~31) with the 
X™ b defined in (lDTT2l) - (lDTT9l) . 

Up to this point we have considered the case of d > 4. We now explain how the results above 
discussed can be used for derivation of X a>b , X^™ in d = 4. 

Firstly, we note that, when d = 4, the operators M 31 , M 3j2 , M 3)4 , Mg™ are expressible in 
terms of the remaining operators M a >b , M^™. This can be taken into account by equating to zero 
the corresponding coefficients m 31 , m 3 2 , m 3 4 , (see (18.31b ) in the expressions for X a fe , X^™ 
given in (lD.3b - (lD.19b . In this way, we obtain that X 4j i (see (|D.3b ) is automatically equal to zero, 
while the equations X 4 , a = 0, X 4 ™ = 0, a = 2, 3, (see (lD"4l) . (lD42l) ') give 

m 3 , 3 (0) = 0, m ^(0)=0. (D.43) 

Secondly, when d — 4, the operators V3, 2 and V3, 4 , are expressible in terms of the remaining 
operators V3, a ,V 2 , a . This, when d = 4, basis of the operators V a ,b is given by (18.32b . To take this 
into account, we substitute the representation for the operators V3, 2 and V3, 4 given in (!F.38b . (lF.39b 
into the gauge variation (see (18.3b - (18.5b ) and represent the gauge variation in terms of base opera- 
tors V a ,b (18.32b . In this way, we transform the gauge variation to the form (18.33b - (18.35b and, using 
(lD.43b . we obtain the corresponding X a fe , X™, 

X 3 ,i = ^(l-X ( )(4m 2il (0)-m 2i2 ) + X f (m 2 , 1 (l) + 27(l)m 3 ,3(l)), (D.44) 



X 3i3 = 2/ 1 (l)m 3 ,5 + m 2 , 3 , (D.45) 

^3,5 = 7i(0)m 3)3 (l) + -mm 3 ,5, (D.46) 

X 2 ,i = -2mm 2il (0) - ^mm 2|2 + 7i(0)m 2 ,3 + V2k, (D.47) 

X 2 ,2 = 7i(0)m 2jl (l) + -mm 2i3 , (D.48) 

X™ = 2iV c / 1 (l)mf 3 (l), (D.49) 

X™ = m™+2f 1 (l)m™, (D.50) 

*S = -A(0)^3 m 3 (l) - f mm£ B , (D.51) 

^ = /i(°)™2 m 3, (D.52) 
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Xg = -^mmi, m 3 . (D.53) 

All solutions to the equations X ajb = 0, X l ™ b = were discussed in Sections [5l [6] From (ID.44I) - 
(ID.53L it is easy to see that solution to the equations for the gravitational vertex, X a ^ b = 0, X*™ = 
0, k ^ 0, is indeed given by (15.26U5.27I ). In other words, in d = 4, the gravitational vertex does 
not involve three-derivative contributions. 

We now outline procedure for deriving relations (ID.22I) - (ID.42I) . Let X be operator constructed 
out the Weyl tensor, the oscillators, and the covariant derivative. Then, we use the following 
procedure. 

i) Expressions like (ip\XaD\e) and (ip\a>DX\e) can be rewritten as (■?/.> | [X, ct-D] + aDX\e) and 
{ip\[aD,X] + XaD\e) respectively. Expressions like (?/>|[X, a.D]|e) and (ip\ [aD, X] |e) can be 
evaluated by using commutators for the covariant derivative and various relations for the Weyl 
tensor. The remaining expressions like {ip\aDX\e) and {ip\XaD\e) are evaluated by using Lorentz 
constraints for (ip\ (17.181) and |e) (17.301) to obtain 

aDX as C(d + 2 - 2N ( )f 3 X , (D.54) 
XaD « -df 3 (0)X(. (D.55) 

ii) In expressions like {ip\Ip X\e) and (ip\Xlp |e), use E.o.M for (ip\ and |e) to obtain the relations 

Jp X « (-mx + 2Chia)X , (D.56) 
XJP as X(-m? - 2 7 a7 3 (0)C) • (D.57) 

iii) In expressions like (ip\Xja\e), (anti)commute 7a to left, while, in expressions like (ip\jaX\e), 
(anti)commute 7a to right, and then use the 7-tracelessness constraints to obtain the relations 

7«X w , X^a as . (D.58) 

iv) Rewrite expressions like (ip\ [D A , X]D A \e) as 

[D A , X}D A » i/) 2 X - ixD 2 - i [D A , [D A , X}} , (D.59) 
D 2 = D A D A , and then use the relations 

XD as X + p( rf(rf ~ 4 1)+4 - jV f ) - 4 7 «/ 2 (l)7 3 (0)C - 4 aJ D/ 3 (0)c) , (D.60) 

□X as (m\ + p( d{d ~ 4 1} + 8 - N c ) + AUj^a - 4C 2 7 3 (0)7 3 (l)a 2 + 4(f 3 aD^jX , (D.61) 

which are obtainable from E.o.M for (ip\ and |e). The operator □ is defined in (IB .131 ). Expression 
like [D A , [D A , X]] can be simplified by using relations for the Weyl tensor given in (|7.35b - (l7.39b . 

Appendix E Basis of vertex operators in d > 4 

For d > 4, the vertex operators defined in (|1.8b - (ll.l9b constitute a complete basis of on-shell 
two-derivative and three-derivative vertex operators. This is to say that, on-shell, all remaining 
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two-derivative and three-derivative vertex operators constructed out the Weyl tensor and covariant 
derivative can be expressed in terms of operators dl.8b - dl.19b . Note that vertex operators A and B 
are considered to be equivalent if they satisfy the relation 



e{ijj\A\ijj) = e(if)\B\il)) + total derivative, (E.l) 

which we simply rewrite as 

A ~ B . (E.l) 

To discuss basis of vertex operators in d > 4, we drop the coefficients m a ,b, m ™b in dl.8b - dl.19b and 
obtain the following basis of two-derivative and three-derivative vertex operators for d > 4: 

M 2 ,x(a) = C ABCE j AB a c a E f(a) , a = 0, 1 , (E.3) 

M 2 , 2 = C ABCE a A a E a B a c , (E.4) 

M 2 , 3 = C ABCE j A {a B a c a E ( - (a E a B a c ) , (E.5) 

M 3A (a) = C A{BC)E ^ A a B a c D E f(a) , a = 0, 1 , (E.6) 

M 3 , 2 = ^ F C ABC V(« B a c a £ a F - a E a F a B a c ) , (E.7) 

M 3>3 (a) = C ABC E 1 AB (a c f(a)( + (f(a)a c ) D E , a = 0,1, (E.8) 

M 3A = C ABCE (a B a c a A ( - (a A a B a c ) D E , (E.9) 

M 3>5 = C ABC V {a B a c ( 2 + ( 2 a B a c ) D E , (E.10) 

M ta = (JABCE^A ^B^^E^^E-B-C^ ^ (Rn) 

M ™(a) = C ABC V B (« C /(a)C - C/(a)« c ) D E , a = 0,1, (E.12) 

M$ = C ABCE (a B a c a A ( + (a A a B a c ) D E , (E.13) 

M$ = (a B a c ( 2 - ( 2 a B a c ) D E , (E.14) 

where operators M(a), dE.3b . (|ET6l) . dE.8b . dE.12b . depend on the operator through the function 
f(a) defined by 

/(0) = l-iV f , /(l)=iVc- (E.l 5) 



This implies that each operator M. (a) provides two base operators: M.{0) and -M(l). The repre- 
sentation for operators M. = Ai a ,b, M 1 ™^ given in dE.3b - dE.14b is obtained by requiring that: 

i) M. do not involve higher than second order terms in a A , £, a A , £ and satisfy the commutators 

[N a + N ( ,M] = 0; 

ii) M. do not involve terms like ^api and p^a, where pi ;2 are polynomial in the oscillators (such 
terms in view of the 7-tracelessness constraint do not contribute to C (a) ). 

We note that under the hermitian conjugation the operators M. a ,bi transform as 

(eM a , b y = -l°eM a ^° , {eM%)* = +l°eM™ bl ° , (E.16) 
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e = det e A . To derive this, we use (17.361) . Relations (IE. 161) imply that in order for the interaction 
vertices £ (2) , £ {3) (11.31 ) to be real-valued, the operators M. a ,b an d -M^b should be multiplied by 
the respective real-valued coefficients m a b and purely-imagine coefficients m^l (see dl.8b - dl.19l ), 
(fr25T).(fL26l)). 

To demonstrate that Ai a ,b, •M. 1 ^, f orm a basis of vertex operators and to illustrate the techniques, 
let us consider the following vertex operator C ABCE 'y A a c a E D B f(a). This vertex operator does 
not enter into our vertices basis, and hence it should be expressible in terms of Ai a ,b an d . To 
show that this in fact the case, we prove the relation 

^ flC Y«W/(a) ~ -2/ 3 (0)5 a ,oM m 3 , (E.17) 
where 5 aj0 = 1(0) for a = 0(1). To this end, we firstly note the relations 

M 2 ,i{a)ip ~ -m x M 2 ,x{a) - Sf 3 {0)8 afi Mt >3 , (E.18) 

JP M 2 ,i(a) ~ -m^^a) + 8/ 3 (0)5 a , .M^ 3 , (E.19) 

where A^^ 3 are defined in (IF.26kdF.27l ). To prove (IE. 181 ), we use E.o.M for \ip), (17.1 IK and obvious 
formula 

a A a B a c /(a)C ~ 5 a , a A a B a c C , (E.20) 

which just reflects the fact that is a degree-2 homogeneous polynomial in the oscillators a A , (. 
Proof of relation (IE. 191 ) is similar: we use E.o.M for and obvious formula 

(a A a B a c f(a) ~ 5 aj0 Ca A a B a c . (E.21) 
Secondly, taking commutators of relations (|E.18I) . (IE. 19k we obtain 

[M 2 ,i(a), Ip ] ~ -8/ 3 (0)cW>M m 3 • (E-22) 
Then, using the well-known commutator 

\h AB ,l C ]=7 A V BC -l B V AC , (E-23) 
and relations for the Weyl tensor given in (|7.35l) - (|7.39l ), we rewrite l.h.s of (IE.22I ) as 

[M 2 ,i(a), Ip } ~ AC ABCE 1 A a c a E D B f(a) . (E.24) 
Comparing (IE.22I ) with (IE.24I) gives desired relation (IE. 171 ). 



Appendix F Basis of vertex operators in d = 4 

For d = 4, the basis of vertex operators dl.8b - dl.19b turns out to be over-completed, i.e., some 
of the vertex operators in (|l-8b - d!.19b (or equivalently dE.3l) - dE.14b ) can be expressed in terms of 
others. This is to say that, using convention in (|E.2b . dE.ll) . we have the following relations for the 
vertex operators when d = 4: 

M 3A (a) ~ \m 1 M 2 ,i{a)--J l {Qi)M 2 ,z5 afi: a = 0, 1 , (Fl) 
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M 3 , 2 ^m 1 M 2)1 (0)-mM 2>2 --f 1 (0)M 2>3 , (F.2) 

M 3 ,4 ^3,3(0) - ~mM 2>3 , (F.3) 

M% ~ - jM m 3 (0) - \mM% , (F.4) 

where 5 aj o = 1(0) for a = 0(1). Taking these relations into account we find the following 
basis of two-derivative and three-derivative vertex operators in d — 4: 

M 2 ,i(a) = C ABCE j AB a c a E f(a) , a = 0, 1 , (F.5) 

M 2>2 = C ABCE a A a E a B a°, (F6) 

.M 2j3 = C ABC V (a B a c a E ( - (a E a B a c ) , (F7) 

M 3 , 3 (a) = C ABCE j AB (a c f{a)C + U{a)a c ) D E , a = 0,1, (F8) 

5 = C ABCE lA ( a B a C- C 2 + ( 2-B -C) ? (R9) 

.M^ 3 = c ABC V (« B a c a E C + C« S « B « C ) , (F10) 

M» = C ABCE j AB (« C /(a)C - C/(a)« c ) , a = 0,1, (F.ll) 

^im = ^ABC^A (^^2 _ ^^B-C) ? (R12) 

where /(a) is as shown in (IE.15I) . To illustrate the techniques, we derive relation (|F1I) . We start 
with the identity 

C AB[CE 7 ABF] a C-E D Ff {a) = g ? (R13) 

which reflects the fact that antisymmetrization w.r.t five indices ABCEF gives zero when d = 4. 
In (IF 131) and below, antisymmetrization of three 7 matrices in 7 ABC is normalized so that 7 012 = 
7°7 1 7 2 . Rewriting identity (IF 131) as 

( C ABC El ABF a C-E D F + (jABFC ^ABE qE -qF + ^ W^BC^ - J (fl) = g ^ (R14) 

we note that the first term and sum of the second and third terms in (IF 141 ) can be rewritten as 

C ABCE 1 ABF a c a E D F f(a) = M 2A (a)lp - 2C ABCE 1 A a c a E D B , (F15) 

C ABFC 1 ABE a c a E D F f(a) + C ABEF 1 ABC a c a E D F f(a) ~ 4M 3 ,i(a) (F.16) 
respectively. To derive (|F15I) . we just use the obvious relation 

^ABF = 7 AB 7 F _ ^BF + ^B^F ? (R17) 

while to derive (IF 161) we use the relations 

^ABE = ^B^ _ ^BE + ^B^AE ^ (R j g) 

y**c = 7 C 7 AB - r/ c V + r/ CB 7 A , (F19) 
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and the 7-tracelessness condition for Taking relations (IF. 151) . (IF. 161) into account we see that 
identity (IF 141) amounts to the relation 



M 2 ,i(a)ip - 2C ABCE j A a c a E D B + AM Z)l {a) ~ . 



(F.20) 



In view of (IE.17I) . (IE.18I) . which are valid for d > 4, and the relation /i(0) = — 4/ 3 (0), we see that 
(|F20I) amounts to relation (IF II) . 

In similar way, one can prove the remaining relations (|F2I) - (|F4I) . To this end, we use the 
following respective identities: 



C AB ^ CE a^a A a B ^ a c D F = 

C AB[CE fy AF a Bl a C^ D F = Q} 

C AB ^ CE (^ E h AFB] a C D F = 0. 
We note that (IF2TT) leads to dR2l . while (lF2TT) . (lR22l) lead to 



M 



:U ■= 4^3,3(0) - 2 mM ^ ' 



where we use the notation 



Mt fi = C ABCE 1 A a B a c a E C, 

MUa)=C ABCE 7 AB a c f(a)CD E . 
MUa)=C ABCE j AB Cf(a)a c D E . 



M 



3,1 



C 



ABCE b a -A\ 



Mr = c AB< ' E - - ■ ! ~ 1 ' r - ' ' n z ' ; 



In view of relations 



A* 



(a A a B a c D E . 



Mi* - 



2,3 — - /vt 2,3 - /vt 2,3 J 

M 3 , 3 (a) =7W+ 3 (a)+7W3 i3 (a) 



Mt 3 + M 



2,3 5 



■M3»--^3-» 



X+ 4 + -M 



3,4 > 



we see that (lF24l) . (lR25l) amount to (lF3l).(lF4l). 



(F.21) 
(F.22) 
(F.23) 

(F.24) 
(F.25) 

(F.26) 
(F.27) 
(F.28) 
(F.29) 
(F.30) 
(F.31) 

(F.32) 
(F.33) 
(F.34) 

(F.35) 
(F.36) 
(F.37) 
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To finish discussion in this Appendix, we note that, when d = 4, basis of the operators V a ,b 
(I8.6I )- (I8.15I ) also turns out to be over-completed, i.e., some of the operators in (|8.6I )- (I8.15I ) can be 
expressed in terms of others. Namely, when d — 4, the following relations hold true 

V 3 , 2 ™\(N C - l)V 3 ,i - ^mV 2il , (F.38) 

V 3>4 ~ |mV 2 , 2 . (F.39) 

o 

These relations can be obtained by using the following respective identities: 

C mCE 7 AF a B ]a C-E D F = g ? (R4Q) 

C AB ^ CE 1 ABF \a c a E D F = . (F.41) 
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